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Cea Motivations and methodology

Motivations
@ Inertial confinement fusion — compressible gas dynamics simulation

@ Complex flows (very intense shock and rarefaction waves, strong
variation of the fluid domain, multimaterial flows, high cell aspect ratios)

@ Lagrangian formalism (reference frame moving with the fluid)

@ Very high-order extension of the Finite Volume EUCCLHYD scheme

[§ P.-H. MAIRE, R. ABGRALL, J. BREIL AND J. OVADIA, A cell-centered
Lagrangian scheme for two-dimensional compressible flow problems.
SIAM J. Sci. Comput., 2007.

V.

Progressive methodology
@ 1D scalar conservation laws DG discretization
@ 2D scalar conservation laws on unstructured grids DG discretization
@ 1D system of conservation laws DG discretization

@ 2D gas dynamics equation written in a total Lagrangian formalism, on
total unstructured grids DG discretization
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_ Discontinuous Galerkin (DG)

DG schemes
@ Natural extension of Finite Volume method
@ Piecewise polynomial approximation of the solution in the cells
@ High-order scheme to achieve high accuracy

Procedure
@ Local variational formulation
@ Choice of the numerical fluxes (global L? stability, entropy inequality)
@ Time discretization - TVD multistep Runge-Kutta
[{ C.-W. SHu, Discontinuous Galerkin methods: General approach and
stability. 2008.
@ Limitation - vertex-based hierarchical slope limiters

D D. KuzMIN, A vertex-based hierarchical slope limiter for p-adaptive
discontinuous Galerkin methods. J. Comp. Appl. Math., 2009.
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Comparison between DG schemes with limitation
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FIGURE: 1D linear advection of a combination of smooth and discontinuous profiles

after 10 periods using 200 cells.
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(a) Burgers problem. (b) Buckley-Leverett problem.
FIGURE: Numerical solutions using third-order DG scheme with limitation.

J.-L. GUERMOND, R. PASQUETTI AND B. POPOV, Entropy viscosity
method for non-linear conservation laws. J. Comp. Phys., 2011.



_ 2D Scalar Conservation Laws (SCL)

Third-order DG scheme without limitation

| | L | Lo | Lo |

Ne EL aL, EL, aL, E. L.,

10 x 10 1.96E-3 | 3.14 || 2.55E-3 | 3.09 || 8.07E-3 | 2.90

20 x 20 2.22E-4 | 3.01 3.00E-4 | 3.01 1.08E-3 | 3.02

40 x 40 2.75E-5 | 3.00 || 3.73E-5 | 3.00 || 1.33E-4 | 3.01

80 x 80 3.43E-6 | 3.00 || 4.67E-6 | 3.00 || 1.65E-5 | 3.01
160 x 160 || 4.29E-7 - 5.83E-7 - 2.05E-6 -

TABLE: Rate of convergence in the case of the linear advection (A = (1, 1)") of the
smooth initial condition u°(x) = sin(27x) sin(2ry) where x = (x, y)' € [0, 1]?, with
periodic boundary conditions, at the end of a period on Cartesian grids with a
CFL=0.1.
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1D Lagrangian gas dynamics
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(a) Global view. (b) Zoom on [0.67,0.87] x [0.24,0.29].

FIGURE: Third-order DG scheme solutions for the Sod shock tube problem on 100
cells: density.
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1D Lagrangian gas dynamics
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- 0265 - R

(a) Physical variables limitation. (b) Riemann invariants limitation.

FIGURE: Third-order DG scheme solutions for the Sod shock tube problem, using 100
cells: density, zoom on [0.67,0.87] x [0.24,0.29].

@ B. COCKBURN AND C.-W. SHU, The RKDG method for conservation laws
V: Multidimensional systems. J. Comp. Phys., 1998.
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cea 1D Lagrangian gas dynamics

3rd order DG scheme with limitation
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FIGURE: Third-order DG scheme solution with limitation, for a Shu oscillating shock
tube problem using 200 cells.
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cea 1D Lagrangian gas dynamics

Rate of convergence for the third-order DG scheme

[ 1 L | Lo [ Lo |
AX EL qL, EL L, EL. qL..
=5 || 9.09E-5 | 3.01 | 3.40E-4 | 2.87 || 2.20E-3 | 2.79
1o || 1.13E-5 | 3.58 || 4.64E-5 | 3.28 || 3.17E-4 | 2.70
g || 9-40E-7 | 3.30 || 4.79E-6 | 3.34 || 4.89E-5 | 2.64
a0 | 9-57E-8 | 3.03 || 4.74E-7 | 3.07 || 7.85E-6 | 2.91
sg | 117E-8] - [ 5.63E-8| - [ 1.04E-6 | -

TABLE: Rate of convergence computed with the particular smooth solution designed in
the special case of v = 3, on the [0, 1] domain, at time ¢t = 0.8 with a CFL= 0.1.

@ F. VILAR, P.-H. MAIRE AND R. ABGRALL, Cell-centered discontinuous
Galerkin discretizations for two-dimensional scalar conservation laws on
unstructured grids and for one-dimensional Lagrangian hydrodynamics.
Comp. & Fluids, 2010.
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2D Lagrangian hydrodynamics
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Cea Cell-Centered Lagrangian schemes

Finite volume schemes on moving mesh

o

Q

J. K. Dukowicz: CAVEAT scheme

A computer code for fluid dynamics problems with large distorsion and internal slip, 1986
B. Després: GLACE scheme

Lagrangian Gas Dynamics in Two Dimensions and Lagrangian systems, 2005

P.-H. Maire: EUCCLHYD scheme

A cell-centered Lagrangian scheme for two-dimensional compressible flow problems, 2007
G. Kluth: Hyperelasticity

Discretization of hyperelasticity with a cell-centered Lagrangian scheme, 2010

S. Del Pino: Curvilinear Finite Volume method

A curvilinear finite-volume method to solve compressible gas dynamics in semi-Lagrangian
coordinates, 2010

P. Hoch: Finite Volume method on unstructured conical meshes
Extension of ALE methodology to unstructured conical meshes, 2011

DG scheme on initial mesh

o

R. Loubere: DG scheme for Lagrangian hydrodynamics
A Lagrangian Discontinuous Galerkin-type method on unstructured meshes to solve
hydrodynamics problems, 2004

vy
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Cea Lagrangian and Eulerian descriptions

Flow transformation of the fluid

@ The fluid flow is described mathematically by the continuous
transformation, @, so-called mapping such as ® : X — x = ®(X, 1)

n

N
(3]

—

o9 Ow
FIGURE: Notation for the flow map.

where X is the Lagrangian (initial) coordinate, x the Eulerian (actual)
coordinate, N the Lagrangian normal and n the Eulerian normal

Deformation Jacobian matrix: deformation gradient tensor

@ F=Vx®=29% and J=detF>0
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Cea Lagrangian and Eulerian descriptions

Trajectory equation
dx

o == =U(x.1), x(X.0)=X

Material time derivative

d d
° af(x, )= &f(x., B+ U.Vf(x,t)

Transformation formulas

0 FdX = dx Change of shape of infinitesimal vectors
0 o0 =pJ Mass conservation
Q@ JdV =dv Measure of the volume change
o JF~!NdS = nds Nanson formula
Differential operators transformations
@ VP =1Vyx.(PJF Gradient operator

o Vy.U= 13VX . (JF'U) Divergence operator
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Cea Lagrangian and Eulerian descriptions

Piola compatibility condition

@ V,.G =0, where G = JFtis the cofactor matrix of F

/VX.GdV:/ GNdS:/ nds=0
JQ o0 w

Gas dynamics system written in its total Lagrangian form
dF

o 3 VxU=0 Deformation gradient tensor equation
d 1 . .
° pod—t(;) ~Vx.(G'U)=0 Specific volume equation
Od u ;
9 p a +Vx.(PG)=0 Momentum equation
dE
° pod—t +Vx.(G'PU)=0 Total energy equation

Thermodynamical closure
@ EOCS: P=P(p,e) where ¢
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Cea DG discretization general framework

(a + 1) order DG discretization

@ Let {Q.}c be a partition of the domain Q into polygonal cells
o {0f}k—o.k basis of P*(Q), where K + 1 = (e+1)a+2)

o ¢f(X,1) Zok ok (X) approximate function of ¢(X, t) on Q.

Definitions
@ Center of mass X = (X5, Vo) = mic /Q PA(X)XdV,
where m; is the constant mass of the cell Q.
@ The mean value (¢), = —/
of the function ¢ over the cell Q

@ The associated scalar product (¢, ), = / P2 (X) ¢(X) p(X)dV

Q¢
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Ccea Polynomial Taylor basis

Taylor expansion on the cell, located at the center of mass

q—J a9
o0 = o) + 305 KIS 9 0 ) 1 o 21

y

(a + 1) order Polynomial Taylor basis
@ The first-order polynomial component and the associated basis function
#5 =(¢), and o§=1
@ The g"-order polynomial components and the associated basis functions

C o = (AX)TI(AYLY &(x )
q(q+1 Cc (o] 8Xq—!8Y! c/)

Ao 4j |(q Nl AX; AY; AX; INAS ’
C
where 0 < g < a,j=0...q, AX, = ZmeXmn gnd AY, = YmeYmn

[@ H. Luo, J. D. BAUM AND R. LOHNER, A DG method based on a Taylor
basis for the compressible flows on arbitrary grids. J. Comp. Phys., 2008,




Ccea Polynomial Taylor basis

Outcome

@ First moment associated to the basis function o§ = 1 is the mass
averaged value
¢5 = (D)c

@ The successive moments can be identified as the successive derivatives
of the function expressed at the center of mass of the cell

. 994

c — q—j ji__ Y

@ The first basis function is orthogonal to the other ones
<087 U/f>c = M 60/(

@ Same basis functions regardless the shape of the cells (squares,
triangles, generic polygonal cells)
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Cea DG discretization general framework

Lagrangian gas dynamics equation type

Qp (:Tt +Vx. (Gt f) =0, where fis the flux function

G = JFtis the cofactor matrix of F

Local variational formulations

’ d
° / poa(rgd Ok / porrco,g
Ja, o

:/ f.GVXaquf/ f.oc5GNAS
JQ, Jog,

Geometric Conservation Law (GCL)
@ Equation on the first moment of the specific volume

dJ ,\, _ dlwd

o, dt

:/ Vx.(G'U)dV = U.GNdS
Qe 9




Cea DG discretization general framework

Mass matrix properties

° / poagafdv = <ag. a,f>c generic coefficient of the symmetric positive
Q

definite mass matrix

+] <ag, a,f>c = medok Mass averaged equation is independent of the other
polynomial basis components equations

Interior terms

o / f.G ongdv is evaluated through the use of a two-dimensional
Q

high-order quadrature rule

Boundary terms
° / f. 0gGNdS required a specific treatment to ensure the GCL
Jog,

@ It remains to determine the numerical fluxes




Cea Entropic analysis

Entropic semi-discrete equation

@ Fundamental assumption PU=PU
@ The use of variational formulations and Piola condition leads to

/ 008 qv — [ (P— Py)(U, - T).GNdS,
dt o

where 7 is the specific entropy and 6 the absolute temperature defined by
means of the Gibbs identity

V.

Entropic semi-discrete equation

@ A sulfficient condition to satisfy o° 6 ’ dV >0is
JQc

GN

P—P,=-Z(U—-Uyy). ||GN||

Z(L_I—Uh).n,

where Z > 0 has the physical dimension of a density times a velocity
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C2a Riemann invariants limitation

Riemann invariants differentials associated to unit direction n
Being given the directions nand t = e, x n
@ day =dU.t
0 da_=d(}) - zdU.n
0 day =d(1)+ LdU.n
© dag =dE - U.dU + Pd(})

a denotes the sound speed

Linearization around the mean values in cell €,
@ af, = Uy .t
°a’,=(0)E-ZUp.n
°a,=(1)p+ZUs.n
0 af , = Ef —Ug. Up+ P§(1);

where Z; = a§pg is the acoustic impedance

20/60
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C2a Riemann invariants limitation

System variables polynomial approximation components
° (3)f=3(as +0aly)
o U; = %ZC(@i,k —af )n+ag,t

G — @ 1 @ @ c @ c 1pc(,.c c
© Ef=af, +3Z4(af x—a® Ug.n+af Ug. t — 5 P5(as , +af )

Unit direction ensuring symmetry preservation

UO 0
and t=e,x —
U5l gl
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cea Deformation gradient tensor discretization

Requirements
@ Consistency of vector GNdS = nds at the interfaces of the cells
@ Continuity of vector GN at cell interfaces on both sides of the interface
@ Preservation of uniform flows, G = JF~! the cofactor matrix

/GVXJSdV: GSGNAS <« [ 0S(Vx.G)dV =0
e c vDQC 'Qc

Generalization of the weak form of the Piola compatibility condition

4

Tensor F discretization

o Discretization of tensor F by means of a mapping Qe
defined on triangular cells

@ Partition of the polygonal cells in the initial
configuration into non-overlapping triangles

ntri

Q= J7°
i=1

22/60
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Cea Deformation gradient tensor discretization

Continuous mapping function
@ We develop ® on the Finite Elements basis functions A,

(X, 1) = Z)\p

where the points p are control pomts including vertices in 7;
0 Pp(t) = 2(Xp, )* Xp

d®
Ttp:Up ZUP ) ® VxAp(X)

@ G. KLUTH AND B. DESPRES, D/scret/zat/on of hyperelasticity on

unstructured mesh with a cell-centered Lagrangian scheme. J. Comp.

Phys., 2010.

Outcome
@ Satisfaction of the Piola compatibility condition everywhere
@ Consistency and continuity of the Eulerian normal GN
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Second-order DG scheme
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Cea Geometry discretization

P; barycentric coordinate basis functions
@ In a generic triangle 7;

1
MlX) = G X (Yor = Vo) = YKot = Xoo) - Xp1 Yor = Xo- V]

where p, p* and p~ are the counterclockwise ordered triangle nodes and
|7i] the triangle volume

v

Deformation gradient tensor discretization
°0 BL(X, )= > M(X
pEP(Ti)

where P(7;) is the node set of 7;

d 1
o —Fi()=— Y Up(t)®LyNp
dt |7i]
PEP(T;)

W
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C2a Local variational formulations

DG discretization of the Lagrangian gas dynamics equations type

o G¢ = (JFY)¢is constant on 7;° and V xoq constant over Q.

ntri

3 de‘" 3 .p'7
o/ pod—(:ang:—ZGfVXUS./ fdv+ > / f.oSGNAL
J Qe =i JTe peP(c) P

Linear assumptions on face fy,+ Initial configuration cell

0 fi () =Fr(1=0+frC,

where f and f. , are respectively the
right and left nodal numerical fluxes

4

Linear property on face fy+

© 0 (¢)=0%(Xp) (1= C) +05(Xpt)C,
where og(Xp) and og(Xp+) are the
extrapolated values of the function o¢

V.




_ DG discretization

Fundamental assumptions
o Uy, =U, Ycec(p)
@ PU=PU = (PU)y,=PyU,

Procedure
@ Analytical integration + index permutation

Weighted corner normals
0 13.n3: = Iy + [9nie

’
® i = 6 (205(Xp) + 0G(Xp+)) lop+ Mpp+

- 1
Q pc’qnpéq B (208()(9) + US(X/W )) fo-pMo-p

g" moment of the subcell forces

q _ p— [—9p=.9 + [+, pt,q
@ Flo = Ppclpc ' Mpg” + Ppc Ipg ™" Npé
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C2a Local variational formulations

Semi-discrete equations GCL compatible

ntri

"ogd 1
Qo / p E(p)(f dVvV = — ZG Vx(f / udav + Z Up. pcnpc

i=1

ntri

PEP(c)

pPEP(C)

o/ CdV ZGCVXU / PdV— Y~ Fg,
Qe

ntri

peP(c

0 / P oeav = > GiVxat. / PUAV - Z U,.F

First moment equations

° Z UP pc pc
peP(c
o mC Z Up.F

peP(c

° dUO: ZF

pEP(c)
We recover the EUCCLHYD scheme




_ Nodal solvers

g" moment of the subcell forces

o Theuseof P=P¢—Z.(U-U;).n tocalculate F} leads to
Fgc - Ph(x )/pcnpc Mgc (UP - Uﬁ(xp, t))a

where M3, = Z, (lp}'qn;éq ® M’ + 197 ® n;c‘o)

Momentum and total energy conservation

OZF

ceC(p

Nodal velocity
Z D Up= Y [PE(Xp, 1) lponbe + Mpg Up(Xp, 1)]

ceC(p ceC(p)
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C2a Numerical results

Sedov point blast problem on a Cartesian grid

T
solution
2ndorder o

0.4 . 0 0.2

(a) Second-order scheme. (b) Density profile.

FIGURE: Point blast Sedov problem on a Cartesian grid made of 30 x 30 cells: density.

o
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(a) Polygonal grid. (b) Triangular grid.

FIGURE: Unstructured initial grids for the point blast Sedov problem.
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T
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(a) Second-order scheme. (b) Density profile.

FIGURE: Point blast Sedov problem on an unstructured grid made of 775 polygonal
cells: density map.
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ce_a Numerical results

Sedov point blast problem on a triangular grid

T
solution
2ndorder o

04 06 y 3 0 02 04 06 08 1 12 14

(a) Second-order scheme. (b) Density profile.

FIGURE: Point blast Sedov problem on an unstructured grid made of 1100 triangular
cells: density map.
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C2a Numerical results

Noh problem

T T
exact solution ——
0t

o _,.i

matase

L
0.1 02 03 0.4 0.5 0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4

(a) Second-order scheme. (b) Density profile.

FIGURE: Noh problem on a Cartesian grid made of 50 x 50 cells: density.
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ce_a Numerical results

Taylor-Green vortex problem, introduced by R. Rieben (LLNL)
1 1
09 09
08 08
07 07
06 06
0s 05
0.4 0.4
03 03
02 02
01 01
00 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 00 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
(a) Second-order scheme. (b) Exact solution.
FIGURE: Motion of a 10 x 10 Cartesian mesh through a T.-G. vortex, at t = 0.75.34/601




Rate of convergence computed on the pres-

sure in the case of the Taylor-Green vortex

L1 Ly [ L | [ |

h E" ar. El a, ET qy
2l0 1.32E-2 | 1.78 || 1.96E-2 | 1.56 || 7.41E-2 | 1.03
N 3.84E-3 | 1.93 || 6.66E-3 | 1.89 || 3.63E-2 | 1.58
N 1.01E-3 | 1.99 || 1.80E-3 | 198 || 1.21E-2 | 1.87
11 2.55E-4 | 2.00 || 4.57E-4 | 2.00 || 3.31E-3 | 1.97
6.38E-5 - 1.14E-4 - 8.47E-4 -

TABLE: Second-order MUSCL scheme without limitation at time t = 0.6.

L L1 | Lo | Lo \
h EP ar. E" a, El T4
S| 8.98E3 | 1.88 | 1.51E-2 | 1.75 || 6.73E-2 | 1.27
L 244E-3 | 1.94 || 448E-3 | 1.95 || 2.79E-2 | 1.68
117 6.36E-4 | 2.00 || 1.16E-3 | 2.00 | 8.68E-3 | 1.95
1 T159E-4 | 2.01 || 2.90E-4 | 2.01 | 2.24E-3 | 2.01
3.94E-5 - 7.18E-5 - 5.54E-4 -

TABLE: Second-order DG scheme without limitation at time t = 0.6.

35/60



Cea Content

Third-order DG scheme
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C22 Curvilinear elements motivation

Circular polar grid: 10 x 1 cells | Taylor-Green exact motion

. A=

: : \{f?@’\\
: : \l\‘&{«%
SN

)
0.1 0.2 03 04 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1
&

@ V. DOBREV, T. ELLIS, T. KOLEV AND R. RIEBEN, High Order Curvilinear
Finite Elements for Lagrangian Hydrodynamics. Part I: General
Framework, 2010. Presentation available at
https://computation.llnl.gov/casc/blast/blast.html  see0)



https://computation.llnl.gov/casc/blast/blast.html

Cea Geometry discretization

P> Finite Elements basis functions
@ The P» barycentric coordinate functions j, write

Mp = (/\p)za Hpt = ()‘p+)2~, Hp— = (/\p* )2=
HnqQ = 2)\p/\p—, Hao+ = 2)\p+/\p , Q- = 2)\p /\p,

where {\}/cp(7;) is the Py Finite Elements linear basis

Mapping discretization
X, t) =Y Xq(t)ug(X) = Y [Xp(t) Ae(X))? +2Xa(t) Ao(X)A; (X)]
q

PEP(Ti)

Deformation gradient tensor discretization

d
TR Z Ap ) [Up ® LpoNpe + Ug ® LptcNprc + Ug ® Ly oNp-]

p€77

4
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Geometric consideration

Mapping of the fluid flow: transformation of 7; into 7;

Q+

p e

Bezier curves
@ Given the three points p, Q and p™, and ¢ € [0, 1]
x(¢)=(1~- C)pr +2¢(1 - ¢)xq + szp*
=(1-00 —20)xp +4¢(1 = O)xm + ¢(2¢ — 1)Xp+
o Midpoint  Xp = x(}) = W

@ Tangent td/ = ?1% d¢ =2((1—¢)(xq — Xp) + ((Xp+ — Xq)) d¢

38/60




_ DG discretization

Local variational formulations P Ny
> d() ntr/
0 p
° /Q ogdv=- / G VxoC. FdV '

+Z/ f.oSGNAL

peP(c

Quadratic assumptions on face fyp+
o fi . (Q)=(1=1 =20 F+4¢(1 =) fme +C(2¢ = 1) Frs

Linear and quadratic properties on face fp,+
o G NdL|per ©)=2 ((1 —q) /anpQ +¢ /Qp+nop+) d¢

TG,y (€)= (1= Q)1 = 2C) 0g(Xp) +4¢(1 = () 7(Xm) + ((2¢ — 1) og(

Xp+)

TO760”



_ DG discretization

Semi-discrete equations GCL compatible

ntri

1 2
/ dl’ /) CdV——Z U'GVXUCCIdV+Z§UP'/gCngc +Z §Um./ﬁ',’,cn2m

i=177; pEP(c) meM(c)
S dU ntri 3 1 )
0 _
/p N ogdV =>" PGV xogdV — > gFng > 5Ff’,,c
Mt i=1 7T peP(c) meM(c)

ntri
' 1 2
/Qp 5 oadV = Z/PU.Ganng+Z 3o Fic+)_ )§Um.F

peP(c) meM(c

Equation on the first moment of the specific volume

ai _’/[‘)QC Z Up lg-qhg-q + Z pp+npp+

peP(c meM(c )

@ B. BOUTIN, E. DERIAZ, P. HOCH, P. NAVARO, Extension of ALE
methodology to unstructured conical meshes, ESAIM: Proceedings, 2011,




_ Nodal and midpoint solvers

Subcell forces definitions

_ p— |99 + +.9 .9 q _ q q
° Fgc - Ppc oc Mpc ™ + Ppc lpc Npc and ch = P /mcnpc

g™ moment of the nodal and midpoint subcell forces
© Theuseof P=P¢—Z.(U-Uj).n tocalculate Fj; and F,. leads to
Fle = Ph(Xp, t) lene — Mie (Up — UR(X), 1)),

F%C - Pﬁ(xm~ t) /gmngvc - M?nc(um - Ug(Xm, f)),

An—q o p—0 | [+Gptd o 0 _ 0
Mg = Zc (lpcqnpcq ® Npg + b Mie? ® g ) and M. = Z; IF.n%. @ n%,.

v

Momentum and total energy conservation

0 F).=0 and F%, +F)r=0
ceC(p)

o
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_ Nodal and midpoint solvers

Nodal velocity

- MP UP - Z [Pﬁ(xpv t) lgcngc + Mgc UZ(Xps t)]=
ceC(p)

where M, = Z Mgc is a positive definite matrix

cec(p)
Midpoint velocity
oM. U, =M ZL U/L7(Xm)+ZR Uﬁ(xm) - Pﬁ(Xm)_P/%(Xm) /0 nO
where My, = 2MZ, = 2-MZ o = [9.n%,, @ nd,; is positive semi-definite

v

1D approximate Riemann problem solution

L R
o (Up.nd )= ZLU(Xm) + Zr Uy (Xm) o PF(Xm) — PE(Xm)
Z + 2Zr Z +Zp

42/60 4




Cea Nodal and midpoint solvers

Tangential component of the midpoint velocity

L R

Z + 2R
Midpoint velocity
o U — ZUNXn) + Za Ui(Xm)  PH(Xm) ~ PE(Xm) o
me Z +2Zgr Z +2Zgr me

Control point velocity
4Up — Up — Uy

QUQ: >

Interior points velocity
o U,' = UZ(X, l’)

v
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ce_a Deformed initial mesh

Composed derivatives

9 Fr= VX,QT(Xr-, f)
= VX‘i)H(X, t) o VX,"I)O(Xr) Lu(X 1)
=FuFo /
o JT(Xr,f) = JH(X, t)Jo(Xr) )
Mass conservation \\_/
o [)O JO = [JJT ) Br(X,.1)
Modification of the mass matrix
d :
° / Z Yk / p° JooqoxdQ  time rate of change of
successive moments of functlon Y
@ New definitions of mass matrix, of mass averaged value and of the
associated scalar product




C2a Numerical results

One angular cell polar Sod shock tube problem

T
solution
3rd order o

0 01 02 03 04 05 06 07 08 09 1

(a) Density map. (b) Density profile.

FIGURE: Third-order DG solution for a Sod shock tube problem on a polar grid made of
100 x 1 cells.
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Numerical results

Symmetry preservation

' -\
05

N

] 0.5
04
04 03

:: ‘-

(a) First-order scheme. (b) Second-order scheme.

02 03

FIGURE: Sod shock tube problem on a polar grid made of 100 x 3 cells.
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C2a Numerical results

Symmetry preservation

T
solution
3rdorder o

0.4 05 0.6 0.7 0.8 0.9 1

(a) Density map. (b) Density profile.

FIGURE: Third-order DG solution for a Sod shock tube problem on a polar grid made of
100 x 3 cells.
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(a) First-order scheme. (b) Second-order scheme.

FIGURE: Sod shock tube problem on a polar grid made of 100 x 3 non-uniform cells.




C2a Numerical results

Symmetry preservation

T
solution
3rdorder o

0.4 05 0.6 0.7 0.8 0.9 1

(a) Density map. (b) Density profile.

FIGURE: Third-order DG solution for a Sod shock tube problem on a polar grid made of
100 x 3 non-uniform cells.
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Numerical results

s
N\

Ui
\\ \\&59

A 72250
. i Ml s
NNET7

RS
SR

(a) First-order scheme.

(b) Second-order scheme.

FIGURE: Motion of a polar grid defined in polar coordinates by (r, #) € [0, 1] x [0, 2x],

with 40 x 18 cells at t = 1: zoom on the zone (r,0) € [0,0.5] x [0, 27].
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Numerical results
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. 0. 0.1 0.2 0‘.3 0.‘4 ‘
(a) Third-order scheme.

0 0.1 0‘.2 0‘.3 0.‘4 0‘.5
(b) Exact solution.
FIGURE: Motion of a polar grid defined in polar coordinates by (r, #) € [0, 1] x [0, 2x],
with 40 x 18 cells at t = 1: zoom on the zone (r,0) € [0,0.5] x [0, 27].
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C2a Numerical results

Variant of the Gresho vortex problem

! DO+ Saod 3
(a) Pressure profile. (b) Velocity profile.

FIGURE: Gresho variant problem on a polar grid defined in polar coordinates by

(r,0) € [0,1] x [0, 27], with 40 x 18 cells at t = 1.
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C2a Numerical results

Variant of the Gresho vortex problem

1.06 T T T T y

.. solution

. 1st order

M 5 2nd order
1.05 " 3rd order ---e--- 7
1.04 - —

.
1.03 d
o

1.02 9
1.01 - 9

oo o 0.0
1 =

o
0.99 L B
.
0.98 B
0.97 t t t t
0 0.2 0.4 0.6 0.8 1

FIGURE: Gresho variant problem on a polar grid defined in polar coordinates by
(r,0) € [0,1] x [0,27], with 40 x 18 cells at { = 1: density profile.
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C2a Numerical results

Kidder isentropic compression

0 01 02 03 04 05 06 07 08 09 1

(a) Attime t = 0. (b) Attime t = 0.97.

FIGURE: Third-order DG solution for a Kidder isentropic compression problem on a
polar grid made of 10 x 3 cells: pressure map.
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ce_a Numerical results

Kidder isentropic compression

0.055

T T
solution
3rdorder e

0.05 -

0.045 |

0.015 |-

0.01

0.005 L L L L L L L L
0.39 0.395 0.4 0.405 0.41 0.415 0.42 0.425 0.43 0.435

FIGURE: Third-order DG solution for a Kidder isentropic compression problem on a
polar grid made of 10 x 3 cells: density profile.
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ce_a Numerical results

Taylor-Green vortex problem

1 1
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1

00 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 00 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(a) Third-order scheme. (b) Exact solution.
FIGURE: Motion of a 10 x 10 Cartesian mesh through a T.-G. vortex, at t = 0.75.57/604




Rate of convergence computed on the pres-

sure in the case of the Taylor-Green vortex
L Li [ Lo [ Lo |

h El a’, El ar, Ef qr
11—0 2.50E-2 | 148 || 3.71E-2 | 1.30 || 1.72E-1 | 1.35
$

8.98E-3 | 1.88 || 1.51E-2 | 1.75 || 6.73E-2 | 1.27
ag || 244E-3 | 1.94 || 448E-3 | 1.95 | 2.79E-2 | 1.68
& 6.36E-4 | 2.00 || 1.16E-3 | 2.00 || 8.68E-3 | 1.95
11% 1.59E-4 | 2.01 || 2.90E-4 | 2.01 || 2.24E-3 | 2.01

TABLE: Second-order DG scheme without limitation at time t = 0.6.

L1 L I Lo [ Lo |
B 1o | E, [a | E. [a,
4.39E-3 | 3.00 || 7.73E-3 [ 2.68 || 3.90E-2 | 1.93
5.50E-4 [ 3.04 || 1.21E-3 | 3.10 || 1.03E-2 | 2.98
25 | 6.68E-5 [ 2.91 || 1.40E-4 | 2.87 || 1.30E-3 | 2.66
20 || 8-90E-6 [ 2.89 || 1.92E-5 | 2.83 || 2.11E-4 | 2.74
5 | 120E-6 | - [[270E6 | - [ 3.16E-5[ -

I-Bl-8l4 =

TABLE: Third-order DG scheme without limitation at time t = 0.6.
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Rate of convergence computed on the pres-

sure in the case of the Taylor-Green vortex

L L1 | Lo | Lo \
EP ar. E" a, El T4
567E-4 | 2.96 || 3.36E-4 | 2.94 | 1.21E3 | 2.86
3.43E-5 | 2.97 || 4.36E-5 | 2.96 || 1.66E-4 | 2.93
| 4.37E-6 | 2.99 || 5.59E-6 | 2.98 || 2.18E5 | 2.96
L | 5.50E-7 | 2.99 || 7.06E-7 | 2.99 || 2.80E-6 | 2.99

g || 6.91E-8 | - [ 887E-8| - |[B53E-7| -

|-Bl-Bl4 =

TABLE: Third-order DG scheme without limitation at time t = 0.1.
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Cea Content

Conclusions and perspectives
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Cea Conclusions and perspectives

Conclusions

@ DG schemes up to 3rd order

o 1D and 2D scalar conservation laws on general unstructured grids
o 1D systems of conservation laws
o 2D gas dynamics system in a total Lagrangian formalism

@ GCL and Piola compatibility condition ensured by construction
@ Dramatic improvement of symmetry preservation by means of
third-order DG scheme

Perspectives

High-order limitation on curved geometries

Improvement in midpont solver definition

Code parallelization

Study on computational cost and time

Development of a 3rd order DG scheme on moving mesh

Extension to 3D

Extension to ALE and solid dynamics 00

©

© 06 06 6 0 o
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Cea  Third-order polynomial Taylor basis

Taylor expansion on the cell, located at the center of mass X'
“ ‘ 1040 oo 1 5 02 ¢
0 H(X) =o(Xc)+ (X — XC)O*X +(Y - yC)W + E(X — Xe) X2

02 ¢ 1 02 &
+(X = Xe)(Y — yC)W + E(Y* yC)QW +o(|I X — x|?)

Polynomial basis functions

©
Q
oo
\
—
Q
wo
\
N =
| — |
N
B[
S
N————
N
|
T
/N
BT
N———
N
\/
°

_ 5C = X=X)(Y=Ye) _ [ (X=Xe)(Y—D)
= AX; 4= T AX,AY, AX, AY, K

_ Y=Y o

i N 2
o c_1 Y=Y, o Y—Ye
2 N7 5= 2 AY, AY, :
c

Polynomial apprixation function components

9 b , 8 ¢ , 8% ¢
DX, g (Xe), 05 = AYe gy (Xe), 8§ = (AXo)? Gx# (Xo),

© @5 = (P)o 97 = AXc 5x
92 4 ) 92
93 = AX: AYe Z5(Xo), 68 = (AYe)? 558(Xe)
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Cea Vertex-based hierarchical slope limiter

Third-order DG scheme limitation

@ of = ¢f + C1 (¢§05 + P505) + C2 (9505 + P05 + PEoE)

where ¢; and ¢, are the limiting coefficients

Linear reconstruction

Qo qb(1) = @8 + ¢4 <o$ A @S V= YC>

Ax, T P2 &Y,
3(2) o ?)q’)ﬁ __ JC 1 C X*XE L C Y*Yc
@ ¢y’ =AXe Hxt = 97+ Cx (95 Fx° + 94 &Y,

Limiting coefficient
@ ¢, = min(cx, Cy)

@ ¢; = max(cy, &) Smooth extrema preservation

60/60



C2a Riemann invariants limitation

Riemann invariants differentials
@ day=dU. t,
@ da_ =dP — padU. n,
@ day =dP + padU. n,
@ dag =dE - U.dU+ Pd(%),

where n denotes a unit vectorand t = e, x n

Isentropic flow

@ dP = —p?&° d(%)

New Riemann invariants differentials

Qo d(l’t:du.t,
0 da_ =d(}) - zdU.n,
0 day =d(})+ zdU.n,

0 dag =dE - U.dU + Pd(})
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cea 2nd order DG discretization

DG discretization of the Lagrangian gas dynamics equations type

o G¢ = (JF')¢is constant on 7;° and V xoq over Q¢
s d ntri ot
° /Qp dtagdv— ZGCVXU / fav + / f.of GNAL
o peP(c)’

ntri

0/ 0 — dv osdV = — ZGCVXU th+ Z / h(TCGNd/_
Qe

dt %q
peP(c

Linear assumptions on face fy,+
0 Fi () =fr(1 -0+ Fped
° h| () =he(1=Q)+hy ¢

Linear property on face fp,+
TGl (€)= 05(Xp) (1 = C) + 0g(Xp+) €




C22a 2nd order DG discretization

Analytical integration

/ fog GNdL—(/ f|p C)dC> . Lpp+ Npp+

© G|, Lopt Npp+ = Ippr Npp+ Eulerian normal of face fpp+

_ 1
o / Tog.GNAL= 3" 2 [fi« (205(Xp) + 05(Xp1)) o e

00 peP(c)
e+ (20§(Xp+) + 0§(Xp)) lpp+ App+ |

Weighted corner normals
0 13.n3e = Iy + [nie

0 i = = (205(Xp) + 0%(Xp+)) op Mo

—_ O] =

@ Lo inp? = 6 (205(Xp) + 05(Xp-)) lo-pMp-p

V.
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cea 2nd order DG discretization

Index permutation
o/ Tog.GNAL= 3" (fooelos™mos? + F o [snie?)
J O peP(c)

o hoSGNdL= ) (h;c Ioe Ipe? + hiy /;C“’nzc’q)
J O peP(c)

Numerical fluxes on face fyp+

oUﬁ,p+(C):Up(1—C)+Up+g °’3ip+(<):P5rc(1—C)+P;;CC

° PUL_(O) = (PU)g (1= Q) + (PU), ¢

Fundamental assumption on face fy,+
o PU=PU == (PU)pe = Poe Up and (PU)j. = Pa. Up

g" moment of the subcell forces

9 _ p— [—9p=9 + .G pt.a
O Fie= Ppclpc ' Mpé" + Ppc lpc ™ Npé
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C22a 2nd order DG discretization

Semi-discrete equations GCL compatible

ntri

"ogd 1
Qo / p E(p)(f dVvV = — ZG Vx(f / udav + Z Up. pcnpc

i=1 peP(c)

ntri

o/ CdV ZGCVXU / PdV— Y~ Fg,
Q¢

pPEP(C)

ntri

0 / p—(f cqV — ZG Vot / PUAV — Z U,.F

peP(c

First moment equations

Z Up - Ipcpe ° dUO =— > Fp

PEP(c)

°
peP(c

° mC Z Uy.F We recover the EUCCLHYD scheme

peP(c
v
helVjlelt)




Compatibility of deformation gradient tensor

discretization

Theoretical compatibility

dF
Qo d—t =VxU
dJ dF dF dF
F . — —JF . —
° = (d etF): o = (detF)F i Ft
d
° d‘t] =JF ' VxU=JF: (VU) (Vxx) = JF'F VU

= Jtr(VyU) = IV, . U= Vx.(JFU) =V

~

dJ d [(p° od (1) .
5 -a(5)-ra(;) -9 ev

x - (GtU)

Second-order discretizations compatibility
o 4 oo dFF 1

a i Tat - [Te

I

PEP(Ti)

dJ? d /|77 1\°¢ \wc|
° /:7 1 h -
dt df(l’f,-c) s (/>

> Up.GiLyN, =

Z Up . lpinpi

’ pE'P( T°)
ntri

Z\fl—

ntri

o Z ‘TC| JC
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3rd order DG discretization

DG discretization of the Lagrangian gas dynamics equations type

ntri

° / pod—oﬂgdvf / GVxog.fdV + / f. oq GNdL
J Qe dt pEP(c

ntri

de
0 _
O'/Qcp qudv § / GVxo§ hdV+ ) / hog GNAL

pEP(C

Quadratic assumptions on face fy,+
o f.(¢Q)=(1-O1 —20) Foo +4C(1 = ¢) Fmc + (20 = 1) Fr
o by ()= =) —2¢0) hge +4¢(1 = ) hme +¢(2¢ = 1) b

Linear and quadratic properties on face fy+
© GNdL_, (¢)=nd_, () =2((1 - ¢)haMpa + ¢ lap- Ngp+) d¢

1,0 (Q) = (1= Q1 = 20) 75(Xp) +4¢(1 = ) og(Xim) + ((2¢ — 1) o5(X

p*)
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C22a 3rd order DG discretization

Analytical integration + Index permutation

o | foGGNIL=3 = ( oI + £ Ip*c*"n;c"’)JrZ% orlmeNine

02 PEP(C ) meM(c)
(

o hO’cGNdL Z ( cqnpcq+h+ sk qn+ Q> +
me

pc 'pc
/00, peP(c ) M(c)

2
3 hme /ﬁvc n?nc

Weighted midpoint and corner normals

q9 4 _ -4 Q) qdnd _ |—9a Q)
/mcnmc_lcnmc +lmcn and  IpcNpe = Ipe npC + Ipd " Mg

e = & (405(Xm) + 05(X5) o

9nt = % (405(Xm) + 05(Xp+)) lap- Ngp+

;C’qn;(;q = lO [(6(7 (Xp) +405(Xm-))la-pno-p + (04(Xp) — 0g(Xp-))lo-pNp-
T = ‘ILO (6 0q(Xp) +404(Xm))bapa + (0(Xp) — ”g(xm))/pp*”pﬁ?*]
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C22a 3rd order DG discretization

Semi-discrete equations GCL compatible

ntri

/ L ,) CdV——Z u. GVXaCdV—i—Z U,. Cnpc+z um 19.n%

S /

peP(C ) meM(c )

. dU ntri S 1 )
/ P’ —— i CdV:Z PGVxogdV — > 3Fho— > 3Fe
JQ — JT°C

¢ = i PEP(c) meM(c)

. ntri 1
/p —oadV = Z/PU.Ganng+Z 3o Fic+)_ fu,,,
el pEP(C) meM(c)

Equation on the first moment of the specific volume

@ /m Z Up la-ana-a + Z « lpp+ Mpp+
Odlc

PEP mE./\/[ )

[{ B. BouTIN, E. DERIAZ, P. HOCH, P. NAVARO, Extension of ALE
methodology to unstructured conical meshes, ESAIM: Proceedings, 2071,




Rate of convergence computed on the pres-

sure in the case of the Taylor-Green vortex

D.O.F N E] E] Ef time (sec)
600 | 24 x 25 || 2.67E-2 | 3.31E-2 | 8.55E-2 2.01
2400 | 48 x50 || 1.36E-2 | 1.69E-2 | 4.37E-2 11.0

TABLE: First-order DG scheme at time t = 0.1.

D.O.F N E] E] Ef time (sec)
630 | 14 x 15 || 2.76E-3 | 3.33E-3 | 1.07E-2 2.77
2436 | 28 x 29 || 7.52E-4 | 9.02E-4 | 2.73E-3 11.3

TABLE: Second-order DG scheme without limitation at time t = 0.1.

D.O.F N E] E ED time (sec)
600 | 10 x 10 || 2.67E-4 | 3.36E-4 | 1.21E-3 4.00
2400 | 20 x 20 || 3.43E-5 | 4.36E-5 | 1.66E-4 30.6

TABLE: Third-order DG scheme without limitation at time t = 0.1.
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T
solution
6 Srdorder o o

~ i

0 L L L L
0 02 0.4 06 0.8 1 12 14

(a) Third-order scheme. (b) Density profile.

FIGURE: Point blast Sedov problem on a Cartesian grid made of 30 x 30 cells: density.

V.
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