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Introduction Eulerian and Lagrangian descriptions

Eulerian formalism (spatial description)
o Fixed referential attached to the observer
@ Fixed observation area in which the fluid flows through

Lagrangian formalism (material description)

@ Moving referential attached to the material
@ Observation area getting moved and deformed through the fluid flow

Advantages of the Lagrangian formalism
@ Adapted to the study of regions undergoing large shape changes
@ Naturally tracks interfaces in multimaterial compressible flows
@ No numerical diffusion from the discretization of the convection terms

Disadvantages of the Lagrangian formalism
@ Robustness issue in cases of shear flows or vortexes

— ALE (Arbitrary Lagrangian-Eulerian) method
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1D gas dynamics systems of equations

e 1D gas dynamics systems of equations
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Definitions

@ p is the fluid density

@ u is the fluid velocity

@ e s the fluid specific total energy

@ p s the fluid pressure

@ ¢ =e— 1uU? isthe fluid specific internal energy

Euler equations

° % + % =0 Continuity equation
2

° 88th + 9 gXJr P) =0 Momentum conservation equation

° 8gte + 2 ug;—pu) =0 Total energy conservation equation

Thermodynamical closure
@ p=p(pe) Equation of state (EOS)
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Momentum equation

2
o 8pu+8(pu +p) 0

ot ox
du, ,0u @p dpu 0p
(GrtYax) TY(Gr+ ax ) Tax =0
=0
ou ou, Op
OP(E-FUa)ﬁ-a 0

o’

Total energy equation

8pe+ d(pue+pu)

ot ax =0
oe e dp Jdpu opu
°rCor e TGt o ) o =0
=0
de de apu_o

"p(ﬁj%’ax)Jr ox
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1D gas dynamics systems of equations Lagrangian descriptions

Definitions
o 7 =1 s the specific volume

»
@ U= (r,u,e)t isthe variables vector
@ F(U) = (—u,p,pu)t is the flux vector

Continuity equation

dp Opu
° ot T ax 0

o’

Gas dynamics equations

oU AU, aFU)
ot TUax)tax =0

@ o
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1D gas dynamics systems of equations Lagrangian descriptions

Moving referential
@ X s the position of a point of the fluid in its initial configuration
@ x(X,t) isthe actual position of this point advected through the fluid flow

Trajectory equation

o % — u(x(X, ), )
@ x(X,0)=X

Material derivative

@ f(x,t) is afluid variable with sufficient smoothness

o 4 _ofx(X.0.0) _of  of

dt ot T ot ax
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1D gas dynamics systems of equations Lagrangian descriptions

Updated Lagrangian formulation

dU | 9F)
Pt ox

=0 Moving configuration

[ ]
+
|

Definitions

@ J= 2% is the Jacobian associated to the fluid flow

@ p°(X) is the initial fluid density

Mass conservation
O fuo) P’ dX = [ pdx
O Juiy PIX = [y I dX
@ pJ=)°

| A

Total Lagrangian formulation

dU 9F(U) . . .
R GRS
P 3 + 5X 0 Fixed configuration

o
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1D gas dynamics systems of equations Mass Lagrangian formulation

@ dm = pdx = p°dX is the mass variable
oF(U) . : .
e A(U) = TR the Jacobian matrix of the flux

@ a=a(p,e) isthe sound speed

v

Conservative formulation

~ AU, SR g

dt om

Non-conservative formulation

ou
o — +A(U) = 0
@ \U)={-pa, 0, pa} arethe eigenvalues of matrix A(U)
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1D numerical schemes
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1D numerical schemes Finite volume

@0=10<t'<...<tN=T isa partition of the time domain [0, T]
@ At"=t"1 — " isthe n" time step
w?® =U_y,w? is a partition of the initial computational domain «.°

°

0 _ i i i ]
® wj =[Xi_y, X 1] isageneric cell of size AX;
°

wh = [xi"_%,x.” is the image at time t" of w? through the flow map

I+%]
e mi= p? AX; = p! Ax] is the constant mass of cell w;
@ U7= (7", ul el is the discrete solution vector

[

First-order finite volume scheme

n+1 _n Nu=4 =k
o Ui —UI- - (FH»%_FI‘—%)

m
n+1 _ yn nn
® X1 =Xy + AU

Numerical fluxes

=/ =n —=n =N —n \t
@ Fiyy= (—Ui+‘z s Pit1 s Pitl Ui+%)
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1D numerical schemes Approximate Riemann solver - One state solver

One state linearization

t Simple Riemann problem
—Z 0 z ik
o U(m,0) = U, form-m; <0
N Ug form-m; >0
o o U, form-m;<-zt
o U(m, 1) = 9+ for -zt <m-m; <0
U forzt>m-m; >0
U, Us Ug form-m; >zt
Relations
m; m ~ —
A . Ri f @z=pa>0
pproximate Riemann fan T =T =T 5= ﬁ+ ~p
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1D numerical schemes Approximate Riemann solver - One state solver

Numerical fluxes

sty 1

euU=—3 2~Z~(PR—PL)
— + z
° p:w*E(UH*UL)

4

Intermediate states

—_ U—Ul_
Q7T =7+ —=
z
u—u
0?+=TR— ~R
z
__ pu—pLu
N :eL_P ~,DL L
z
pu—pru
Oe+:e,:.»+p EPH R
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Two states linearization

dU — ou
d—tJrA(UL)a—m =0 form-m; <0
dU

du ou
at

+ A(Ug) = 0 form-m; >0
t Simple Riemann problem
[ U form-m; <0
+ ® U(m,0) = { Ug form-m; >0
U, form-m<-z—t
o U(m, 1) = EJF for -z— t<mm; <0
forzt t > m-m; >0
Ugr form-m; >ztt

ez =pa >0, Zzt=pa >0

dU ou

q

Up Ur

m; m

Approximate Riemann fan
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1D numerical schemes Approximate Riemann solver - Two states solver

Numerical fluxes

.z up + zt ugp 1
Q@ U= = = = = =
z= 4zt zm 4zt (PR = p)
_ zt pL + zZ- PR z-zt
oep="—7— —=———(Uur—u
P Z= +zt z—+z+( R UL)
Intermediate states
u-—u u—u
7T =71+ — L and ?Jr:TR— = il
zZ- zt
_ pu—pLu _ puU—pruU
e :eL—w and e+:eg+w
z- zt
Acoustic solver
@z =z'=plal Left acoustic impedance
@zt =zp = phak Right acoustic impedance
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1D numerical schemes Godunov-type scheme

Convex combination

n ,—n =n n n .~ ~_
o Ul =U7 - %nt,. (Fis —Fiig) :I:%F(Uln) + %nt,. (Z,t% JFZH_%)UP

= —+
o U;Ff“1 — (1 = )\,)Uln+ >\i+% Ui+1§ I A;t% Ui71§

Definitions
t “i-1 i+l

F o _ASF
® Niy = TGy

Atn o U,

n
U7

CFL condition: \; < 1

m,
0 AN ———
2y +z.7%

m;

Ean

y 1

]
: . , Ax"
illustration of the Lagrangian scheme o AtT< 10

CSF _ on
|fzii%_z,
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1D numerical schemes Equations of state

Ideal EOS for the perfect gas

® P=p(y—1)e where a=,/2F

olf p>0 then >0 <<= &>0 (& P>0)

Stiffened EOS for water

Y (P+P*)

@ P=p(y—1)e—vP* where a= -

olf p>0 then pe>P* — &@>0 (& P>-P)

Jones-Wilkins-Lee (JWL) EOS for the detonation-products gas

® P=p(y—1)e+f(p) where a= /12l

olf p>0 then >0 = &>0 (& P>f(p)>0)

Mie-Griineisen EOS for solids

=
@ P=poloec+poa;f(p) where a:\/ag f/(n)+Pop20p

olf pelp*,gmip then £>0 = &>0 (& p>poasf(p)
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1D numerical schemes Positivity-preservation

Requirements

@ Ax'>0 <= 171">0 Positive volume and density
e (a"?=(alUn)®>0 Computable sound speed
Convex admissible set
T
e

Positivity-preserving scheme

@ Under which constraint, U? € G does imply U,’.7+1 eaG
@ Numerical fluxes definition?

@ CFL condition?

@ something else?
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1D numerical schemes Positivity-preservation

Convex combination

Y UI(’+1 = (1 —/\/)UF—F/\_ U,:_% +/\I+_%Ul+—1

i+3 2

olf UleG then UL, eG = U eaq

Intermediate specific volume

U1 — Ul non (U1 —U
o7, =4 2 T I:T-”iT’z’ (Iiz I)

+1 i > i == n
w Zy ity g
N—————
n Vitl
=F _ .n i .
) Thy =T 1:|:E$ Vit
i+3
Intermediate internal energy
=F _aF . _ 1 )2
© &l =€y —3(Uny)
n AN n n\2
0ozF, = [150 P % Vi 1(af) 2
i+1 — <i = i+5 i+ 1
i*3 el zl.i% 2 2 g F2
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1D numerical schemes Positivity-preservation

The acoustic solver is not positivity-preserving !

T n n T
olf vii>1<=1us>u'+a] then TH_%<0

v

Non-linear Dukowicz solver

° E,-q;% =2z (1 +Ti|Vig )

@ [ > 1 isdetermined in the limit of infinite strength shock wave
T —1 1
T vy — = Y+

@ lim — in the ideal gas case

U—>oo’rn:’7+1 2

@ J. K. Dukowicz, A general, non-iterative Riemann solver for Godunov’s method.
J. Comput. Phys., 61:119-137, 1984.

Positive intermediate states in the ideal gas case

o7, =1" 1:|:7Vii% >0
S A e ey

Vitl
14T Vg

1
+2’y(’y—1)vi2i;> >0
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1D numerical schemes Positivity-preservation

General case: 7 € |Tmin, Tmax[ @nd € > emin
P +T vy 11)

o, >0 is determined to ensure the scheme positive

n Vi
— T; i£5
Q® T?;l—Tmin:(Tin—Tmin) 1:|:< = J >
2 Ti — Tmin 1+r| i‘|
7
= , n __ . Y Y B
© Ti 4~ Tmin > (1" — Tmin) (1 (Tin — Tmin) ov)
olf 7">7mn and o, <1-—7IZ2 then 711 > Tmin
l

n
o If 77 < Tmax

and

oy < Tmx — 1 then

i

ﬁ:iL% < Tmax
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1D numerical schemes Posi

= _ (N
° el 1 Emin = (5/' — emin) Ai + B

oA.—1¢< ef )Tinpf Vitd
' 57_5min Lr'3,"7 1—|—r| :i:‘|

° B,-:%(.zav’-’?v2 >0

then ng 1 > Emin

n_n
o If ef>emp and avg(1—in’")“”§f i
2

el [

i

v

Positivity-preserving finite volume scheme

Finally, the scheme will be positivity-preserving under the following conditions

o At < M

<=
I+1+Z 5
. S e\ plel
® oy < min (1 - T, g — 1,(1 — ) | L))

n
i

—u"

U, 1
SF  _ on —1 | xz
©Zz, =7 <1+ch ‘ o
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1D numerical schemes Positivity-preservation

Implicit definition of the approximate Riemann solution

0z =z (U,0) =z (1 +0,1|E4L))

ar
® 2t =7+ (Ua,0) = za(1 + o7 |5542))

T — T S+ -\ _ Z_Uu-+Z"ug PrR—PL
@ U=1u(U,,Up z",z7) = = i

— use of an iterative method (fixed point method)

Acoustic solver or generic waves speed definition ?
° 'zvl.”';% >0 (=2 if wewant)

m.
(*] Atn S Oe =r I,\,_
Zi—% +Zi+%
AXx" AxM — AxP
Q A"< oy ——L— <— ¥<av
Uiy =Ty Ax;
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1D numerical schemes

Positivity-preservation

n+1
T; > Tmin
n+t1 _ _n At" (=n —n
o 7" =7+ (U —T_y)
1 n 7_[1
n+ _(-n , At i —n —n
07‘,- —Tmln—(Ti —Tmm) (1+AX” (T”—T ) ,-Jr;—u,-;))
i min
At |50 =
@ Axllivy — Ui_s| <oy
n
n+-1 ) n ) 7j
@ 7" — Tiin > (7" — Tmin) (1 — @y
Ti" — Tmin
oIf 7/">7m, and o, <1-Im then 7>,
n+1
o If 7"<7Tmax and o, <™mx -1 then 7',-'”r1 < Tz
1

A\

22/43
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1D numerical schemes Positivity-preservation

~n+1

=n+1 __ (N
@ " —emin = (e — emin) Ai + B

) eh 7 ph
.4 _ At i i Mi (0 0
("] A, =1 AXT <€n ) = U,-+1 U,-_%)

i — Emin E; 2
_ At[s- S R 2
oB,—F[z% I+2+z | Wi = z 1+ 2 1)}
— 77 n
® Wiy =Ty — U

V.

n_n
olf & >emn and av§(1—%)‘% then A >0

5\
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1D numerical schemes Positivity-preservation

_ Af" Z+ A" S+ -
o B — g Z,_ (1 2m; ,'_l) om; ZI._%ZH_12 Wj,% w, ;
' i At" = = t" ~ .

T\ Tem Ay I+‘ (1- i+%) el Pl

At
e B=—MW.W

m;
@ M; is positive semi-definite if and only if

I Ax
A" < 27Jr (: 7”’ if ZIL = z/”)
I+2 + Z 2 a,’ 2

1
7! and Oe S 2 then I’7+ > Emin

) nen
o If & > cmny oy < (1 ) |l

pi
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1D numerical schemes Positivity-preservation

Positivity-preserving finite volume scheme

Finally, the scheme will be positivity-preserving under the following conditions

m.
0 A< gg ———
i+% +Z/ 1
@ 0,2
Ax"
0 A" < Oy ﬁ
el = Ui_s|

n_n
i i

° avgmin(1 — Iop Tmx 1 (1 —%)I%I)
i i 1 1

Less or more constraining ?

° Z/+2 +Z,+” = AX” [2a"+a*1(|u+1 —ul + T 1 - u)]
—n —n
Zivy T2y > i Uiy — Uyl
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2D gas dynamics systems of equations

e 2D gas dynamics systems of equations
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Euler equations
Continuity equation

dp
o — .(pu)=0
ot + Vx.(pu)
opu : .
° —; +Vi.(puu+ply) =0 Momentum conservation equation
Total energy conservation equation

° %+VX.(pue+pu) =0
ot
Trajectory equation
° %’:J) _ u(x(X,0),1), x(X,0)=X
Material time derivative
d X, 1)+ u.Vif(x,t)

0
Qo d—tf(x, t) = af(
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o U=(r,u,e)
o F(U) = (-u, 1(1)p, 1(2) p, pu)'
@ 1(i); = (di1, i)

Updated Lagrangian formulation

°p % +Vx.F(U)=0 Moving configuration

Deformation gradient tensor

@ J=Vxx and |J|=detd>0

Mass conservation
o p|=p°

Total Lagrangian formulation

° pO% +Vx.(UTFU) =0 Fixed configuration
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2D numerical scheme

e 2D numerical scheme
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Definitions

@ Pe = P(we) Node set

@ lpchpe = %lp_pnp_p Right corner normal

® Iichpe = Slop- Npp+ Left corner normal

@ IpcNpe = lpg M + lge N Corner normal

o Us= 1 / pUdv  Discrete solution vector Cell notations
C Jwe

A" - At" 1 =+ =
1 _
o Ug+ = Ug — mc o F . nd/ = Ug - mc Z E (ch + Fp+c) (] /pp+npp+
c PEP:
- ?:EC = (~Tp, ]1(1)5;—“07 ]1(2),3;, f)ézcﬁp)t Numerical fluxes

First-order finite volume scheme

o UMt =y — = > (Foc+ loehpx +F et
@ c mg pc * ‘pc'*pc pc * ‘pc’ipc
PEP:
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1D Riemann solver

@ C, =C(p) Neighboring cells set

iﬁk _'pg

L
® Up.Np =ul.ny, — =
pC

—+
ppc_'pg
== . .
Zpc Point notations

Conservation

o > mUit =" mU; If no boundary condition
c (o

T i
@ Up.ny = ul.ny —

° Z (ﬁ;c oM + Ppo //;?:"ZC) =0
ceCp

0 > Pl locMpe — ( Zoohoo(Mpe @ Mpg) + Ziolie(Mge @ i) ) (Tp — ug) = 0
ceCp

Mpc
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2D numerical scheme Finite volume

Nodal solver

—1
° U, = ( > Mpc) > (Mpcug + Pl lpcnpc)
ceCp ceCp
e ppc P2 — Zpe(Up — UZ) « My
Convex combination
n+1 n_ A 4k A e i
o UZH —Uz—— 3 (F. fhipe + Fre /pcnpc) ). S fan
€ pePe pEPe
o Ul = (1-2)Ul+ > AU+ > AU,
PEPc PEPe
At .
Moo = S~ Zochpe
® )\ = Z(A + k)
pEPe
F. — F(UY).n&
- _ mn ( pc F(UZ)) - pc
° Upc — Y Ei
pc
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Convex admissible set

o G={U=(r,u,8)', 7 €E|min,Tmax[ and e(U) = e — Jt? > epmin}

Convex combination

_ = T
0 UZH = (1= 2)UZ+ > AoUpe + > MeUpe
PEPe P

n
@ At < i (—& if E%:z{;)

S T —— = P
Zp(zpclpc + z/;rc/;c) ac Zp IPP+

Intermediate states

= ae
(uP _ Ug) . npc

ofi n

Toe = T,
pc c ==
Zpc
—=3e n\ pt
—+ _ ..n (ppc - pc) npc _
(*] upc—uc*#§éup
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Intermediate specific volume

o] ge g ge
(Up —ud) . np, n 7220 (Up — Ug) . Npe

-+ __ .n B N A )
o TpC = T¢c + Ei — /¢ Ei an
oc oc c
Vo
N Zn o i
— C H i =
© Too =70 | 1+ =% Vpe | similartothe 1D 77, =7/ (14 = Vies
pc z zi:i:%

Modified non-linear Dukowicz solver

° ’z“;;:zg (140, |v3[c|)

olf 70>m, and o, <1—Tm then Ta > Tmin
c

(*] If Tg < Tmax and Oy S % —1 then Fpic < Tmax
c
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2D numerical scheme Positivity-preservation

Intermediate velocity

i:l: —
° upc 7& uP
—+
(*] upc .

ras + _ 0 L
Upe o toe = Ug

Intermediate internal energy

k=
N = Up . Ny,

-+ _ ot 1=+ \2
@ Epc = €pc — é(upc)
+ zg 1] +12
_ ph n
° Epc = 6,07 _ png =F Vpc + 5(30 VPC)
7
@F ., =gn n_-n Zl'n 1 n 2 in the 1D
Eipy =& TP 5 Viey T 5(& Viey)®  inthe 1D case
ity
If a 0 d < (1 Emin pgfg th =+ .
Qo €a > Emin  an oy <(1-— Tg) o en & > emin
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2D numerical scheme Positivity-preservation

Positivity-preserving finite volume scheme

Finally, the scheme will be positivity-preserving under the following conditions

0 At"< Me

= 2p(Zpeloe + Zpclpe)
® oy < min (1— T, g —1,(1 - p) | 2658

n a
Tc Tc Ec Pc

o e
(up B Ug) 0 npc
ac

>+ _ on —1
@ Zye = Z, <1+ch

Acoustic solver or generic waves speed definition ?

© Zzp;>0 (=27 if wewant)
me
o Atn S Oe = —— =
> p(Zoelbe + Zgolie)
1
o At < o, jwel |lwz ™| = wel] ,
| 22p Up + locMpe| ||
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2D numerical scheme Positivity-preservation

n+1 .
n+1
o TC+ —TC —&—— Z up pcnpc
€ peP.

At" s
@ 0t — 7pin = (78 — Timin) (1 + o] ( ) > Up- Pcnpc)

— T
min pep
Z Up « IpcNpe

PEPc

n
n+1 n Tc
@ 70 — Tmin > (7¢ — Tmin) (1= 57— | ov
Tc — Tmin

olf 77>7m, and o, <1-—Tm then 70>
C

n+1

0 If 7/<7Tmax and o, < T — 1 then Tc+ < Tz
c

A"

< oy
|wg|
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2D numerical scheme Positivity-preservation

n+1 >

Emin

=n+1
o EcjL — Emin = (52 - Emin) Ac + Bc

n n pn
@A —1_ AU €c Tc Pec Tl
c = wr \ 27 n E: p + Ipcpc

¢ — Emin €c pEPe
At” At" 2
° Bo= - > Mpewp, . wp — 5 < > Mpcwp)
PEP: € " peP.

— 1 n
® wp=1U,— U]

PeZel  then A;>0
[

o If el>emnp and o, < (1 — Sm2)

Ec
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2D numerical scheme Positivity-preservation

PEP; € " pere
5= (= —\ oS (it +
© Mpc = Zpelpe (Mpe @ Mpc) + Zpclpe (Mpe @ Mpe)

2
O > MpeWp. Wy = > Zoo hoo(Wp« Mpe)? + 2 (W - 1)

PEPe PEPe NS vt
2|P,|
@ Re-numbering: Z VYo —I—wp Z g
PEP:

2| Py 2|Pc|

At" At” _ Ar
g=1 q,r 1

ly(1 = ALz | ifqg=r
° Y:(Y17~-~7Y2\795\)t and qu: Zq Q( oma 29 q) q

2202 gl (ng.ny) if q#r
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2D numerical scheme Positivity-preservation

@ If H is symmetric diagonally dominant with non-negative diagonal entries
then H is positive semi-definite (thanks to Gerschgorin theorem)

n
Me Zq /q Zpc /pc
A" 2
o If < then [|Hgl-Y |Hgl=0
Me = " zqlg|ng . 0| ;7
g
n
off 20 2 Ao T then B0
Me Z Zqlq Z(chlpc + Zpcpe)
q p

~N+1 .
Cc > Smln

n_n
pCEC

=l and oo <2 then el

_ 6mr‘n)
B

o If Erc]><€mjn, Oy S (1
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2D numerical scheme Positivity-preservation

Positivity-preserving finite volume scheme

Finally, the scheme will be positivity-preserving under the following conditions
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2D numerical scheme Conclusion

High-order extension of the numerical scheme

@ High-order DG schemes on curvilinear polygonal grids
@ Already presented at Brown University on January 2013

High-order extension of the positivity-preserving proof

@ High-order positivity-preserving Lagrangian schemes
@ Already presented at Brown University on March 2014

v

Future work

@ Comparison between the different numerical fluxes (acoustic, Dukowicz,
modified Dukowicz) in term of accuracy and time step

@ End the writing of the article related to this work, started a long time ago
already !
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Numerical results

@ Numerical results
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Numerical results Sedov problem

Sedov point blast problem on a 30x30 Cartesian grid

T
solution
6 2ndorder ©

(a) Pressure map (b) Density profiles

Figure : Second-order DG solution at the final time t = 1
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Numerical results Underwater TNT explosion problem

e explosion 120x9 polar grid
(a) Density map (b) Pressure profiles
Figure : Second-order DG solution at the final time t = 2.5E-4
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Numerical results Two-dimensional impact problem

Two-dimensional projectile impact problem on a 100x10 grid

1.5F
1 [
0.5
0
0 0.5 1 1.5 2 25 3 35 4 45 5
(a) Density map
Figure : Second-order DG solution at the final time t = 5E-2
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