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_ Discontinuous Galerkin (DG)

@ Natural extension of Finite Volume method
@ Piecewise polynomial approximation of the solution in the cells
@ High-order scheme to achieve high accuracy

Local variational formulation
Choice of the numerical fluxes (global L? stability, entropy inequality)
Time discretization - TVD multistep Runge-Kutta

© 0 o

@ C.-W. SHu, Discontinuous Galerkin methods : General approach
and stability, 2008

@ Limitation - vertex-based hierarchical slope limiters

@ D. KuzMIN, A vertex-based hierarchical slope limiter for p-adaptive
discontinuous Galerkin methods J. Comp. Appl. Math., 2009

@ M. YANG AND Z.J. WANG, A parameter-free generalized moment
limiter for high-order methods on unstrucured grids Adv. Appl. Math.
Mech., 2009
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Cea Cell-Centered Lagrangian schemes

Finite volume schemes on moving mesh

o

o

J. K. Dukowicz : CAVEAT scheme

A computer code for fluid dynamics problems with large distorsion and internal slip, 1986
B. Després : GLACE scheme

Lagrangian Gas Dynamics in Two Dimensions and Lagrangian systems, 2005

P.-H. Maire : EUCCLHYD scheme

A cell-centered Lagrangian scheme for two-dimensional compressible flow problems, 2007
G. Kluth : Hyperelasticity

Discretization of hyperelasticity with a cell-centered Lagrangian scheme, 2010

S. Del Pino : Curvilinear Finite Volume method

A curvilinear finite-volume method to solve compressible gas dynamics in semi-Lagrangian
coordinates, 2010

P. Hoch : Finite Volume method on unstructured conical meshes
Extension of ALE methodoly to unstructured conical meshes, 2011

DG scheme on initial mesh

o

R. Loubére : PhD thesis
Une Méthode Particulaire Lagrangienne de type Galerkin Discontinu. Application a la
mécanique des Fluides et I'Intéraction Laser/Plasma, 2002
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Cea Lagrangian and Eulerian descriptions

@ Let’s have a continuous mapping

x = o(X, 1) “ >

@ X the Lagrangian (initial) coordinate
x the Eulerian (actual) coordinate

N the Lagrangian normal a0 ow
n the Eulerian normal
_ _ 9 ;
0= ,VX(D = 5x the deformation FiG.: Notation for the flow map.
gradient tensor, J = detF
@ pJ=p°"
o dv=JdV
Q@ dx = FdX
@ JF!INdS = nds Nanson formula

©

VP =1Vx.(PJF)
o V,.U=1Vx.(JF'U)
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Cea Lagrangian and Eulerian descriptions

@ G = JF!the cofactor matrix of F
@ V,.G=0 Piolacompatibility condition

/VX.GdV:/ GNdS= [ nds=0
J Qe J O J Owe

@ Gas dynamics system in Lagrangian formalism

E:VXU

d 1
pd 1
pdt(p

p°%+vx.(PG) —0

)= Vx.(GU)=0

E
”OddT +Vx.(G'PU)=0

@ Thermodynamical closure EOS : P = P(p,e) where e = E — %UZ -
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Cea DG discretization general framework

DG discretization
@ Let {Q.}c be a partition of the domain Q into polygonal cells
@ {0} }k=0..k basis of P*(c)

@ ¢f(X,1) Zok ok (X) approximate function of ¢(X, t) on Q.

Definitions
@ Center of mass =, = (ZX,2))t = mic /Q P2(X)Xdv,
where m; is the constant mass of the cell Q.
@ The mean value (¢), = —/ X)dVv
of the function ¢ over the cell Q

@ The associated scalar product (¢, ), = / P2 (X) ¢(X) p(X)dV

Q¢
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Cea DG discretization general framework

Polynomial Taylor basis
@ Taylor expansion on the cell, located at the center of mass =,

@ o§ = 1 and going further in space discretization, the g + 1 basis functions
of degree g, with 0 < g < «, write

X_:X q-J y_:Y I X_:X q-J y_:Y I
—c —c \__ —c —c
(o) (o) (o) (o)
(o
where j=0...q, AX, = ZneXmn gnd AY, = Yo Ymn with Xpax, Yinax,
Xmin, Ymin the maximum and minimum coordinates in the cell Q.

% B 1
"t g )

Outcome
@ Same basis functions whatever the shape of the cells
") <a,f>c = m¢ ook Where dy is the Kronecker symbol
o <08,0E>C =0, Vk#£0

@ ¢5 = (¢). the mass averaged value of the function ¢ over the cell ¢ _




Local variational formulations

d Kd 1., [
0 @ G 0_@_@
— —YoldV =Y —(- dv
=— | U.GVxogdV+ [ U.os5GNdL
JQ, JoQ,
K c
d dU
o — [ pPUsidv =) k/ pPofofdV
dt  dt Jo,
= PGVXUSdV— PUgGNdL
Qe 0Qc
d K dES
0 @ k 0 _c_c
— EoSdV = dVv
® dt )y, 00 kg dt Jo,” 9%k
= | PU.GVxo5dV— [ PU.oiGNdL
JQc JOQc )
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Local variational formulations

° / pPogoidV = (0§, af)  generic coefficient of the symmetric positive
J Qe
definite mass matrix
o / p® ol dV =0, Yk # 0 implies that the equations corresponding to
Q

mass averaged values are independent of the other polynomial basis
components equations

° U.vaagdv,/ PGVXo—ngand PU.GVXangare
Qe Qe Qe
evaluated through the use of a two-dimensional quadrature rule

° U.o5GNdL, Po§GNdL and PU. 55 GNdAL required a
0 Q¢ 08¢
specific treatment to ensure the GCL
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Cea Entropic analysis

Entropic semi-discrete equation

@ Fundamental assumption PU=PU
@ The use of variational formulations and Piola condition leads to

/ 098 qv = [ (P-P)(U-T).GNAL,
Q¢ dt 0

where 7 is the specific entropy and 6 the absolute temperature defined by
means of the Gibbs identity

4

Entropic semi-discrete equation

@ A sufficient condition to satisfy o° 6 ’ dV >0is
JQc

_ - GN -

where Z > 0 has the physical dimension of a density times a velocity
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Cea Deformation gradient tensor discretization

@ Requirements : Piola compatibility condition and Qc
geometry continuity
o Triangular decomposition Q. = (JI"} 7.¢
@ F discretization by means of a mapping defined on

triangular cells

@ We develop ® on the Finite Element basis functions A,
(X, 1) Z Ao(X

where the points p are control points including vertices in 7;
0 dp(t) = (Xp, 1) = Xp

o F= VX¢:>F X, t) = z«pp ) ® VxAp(X)

do
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Cea Content
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Cea P; deformation gradient tensor discretization

@ The chosen linear basis functions are the P; barycentric coordinate basis
functions which write in a generic triangle 7;

1

o1 [X(Yor — Yp-) = Y(Xpr — Xp-) + Xpt Yo — Xp- Ypi],

Ap(X) = b

where p, p* and p~ are the counterclockwise ordered triangle nodes and
|Z;| the triangle volume

v

o Fi(t)= — Xp(t) @ LpiNyi,
Ty

d PEP(T)) Ly Nyip
d Z Up X Lpinis
pET)( i) » pt

where P(7; ) is the node set of 7; an

© LNy = 3(Lp-pNp-p + Lpp+ Npp+) the corner normal at node p in the

initial conflguratlon 11137




Cea Local boundary terms integration

Numerical fluxes linear approximation

® Onface fopr, Py (€)= %o (1= Q)+ e,
where ¢ € [0, 1] is the curvilinear abscissa
@ Hence

U_(Q)=Us(1-¢+Up¢
PL Q) =Pe(1=Q+ProC
PU; (C) = (PU)S (1= Q) + (PU), . C

@ The basis function o being linear over Q.

05, (€)= 05(Xp) (1 =€) + 05(Xp) ¢

Fundamental assumption
° PU=PU= (PU)s. = P Up




Cea Local boundary terms integration

Analytical integration

;

Qo AQ ?70' CGNAL = Z </O Z,e/)‘per (C) (Tg‘pp+ (C) d(:) G‘p,:ﬂ Lpp*”pp*s
Ve peP(c) \*
where G|, is the constant value of tensor G on face fyp-

© Gy, Lpp+Nppr = Ipp+ Mpp+ Eulerian normal of face fop+

' A
() /79 ’E‘UéGNdL: Z (/o L/(J'q‘ (C)d() o+ Mpp

peP(c)
1
- Z é['w;c@"g(xp)*"ccy(xp'))/pp’”pw
PEP(c)
+thpi6(20G(Xp+) + 0G(Xp)) lpp+ Npp+ ]

1
- Z é[w;c(z'gg(xﬁ)+US(XP'))/pp+”pp+
PEP(c)

+ Vpc(20§(Xp) + 0§(Xp-))o-pNp-p]
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_ Semi-discrete equations

o Half-Left and half-right corner normals /5;n,
-1 +pt
locMpe = Elpfpnpfp and  [ong, = élpp‘ Npp:
@ The weighted corner normals :
Iende = g + /pt;qn;fc where /,i’q 5 (205(Xp) + 05(Xp2)) g

@ The g moment of the subcell forces
q _ p— |9 + |9t
ch — "' pc 'pc npc + Ppc /pc npc

@ The semi-discrete equations on the specific volume, momentum and total

energy successive moments, in respect with the GCL, write
ntri

" od 1 ‘
/ poﬁ(;)USdV:fZG,'CVxUS-/CUdV+ > Upeleng
J Qe =1 7 pEP(c)

. dU ntri
0 _ q
/Q Pgrosav=> jefvxag/TCPdv— > A
. = /7 peP(o)

S dE ntri S
/Q P ro5dV =) GPVxo§. /Tc PUIV - > U,.F}
oo i=1 , peP(c)
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_ Nodal solvers

@ Fundamental identity on the cell
P=P;—Z,(U—-U).n,

where Z; = p¢ ac is the acoustic impedance
@ Using this expression to calculate Fg’C leads to

Fo = Poo oMy + P 3" m.
= PE(Xp. 1) o —Zo [(Up — U§(Xo. 1))« Mc]
—Z [(Up - Ui(xp, t). n;c] /;Cﬂn;c
@ Finally, the g moment of the subcell force writes

Fie = Pi(Xp, 1) lpone — Mic (Up — U5(X)p, 1)),

where M, = Z; (/p‘c’qn;C ® Mo + oI @ n;C>
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_ Nodal solvers

@ To be conservative in total energy and momentum over the whole
domain, Z Fpec = 0 and thus

cec(p)
( Z Mpc) Up = Z [P5(Xp, t) locNpe + Mpe UR(Xp, t)] ,
ceC(p) ceC(p)

where Mp; = Z (/3 cnpC ® npC + e Npe ® Npe) are positive semi-definite
matrices with a physical dimension of a density times a velocity

First moment equations

° mC = Z Uy - pcNpe
peP(c
du0
° me Z Fpc We recover the EUCCLHYD scheme
pEP(C

° ZUP

peP(c

16/37
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ce_a Numerical results

Sedov point blast problem on a Cartesian grid

T
solution
2ndorder o

02 04 . 0 02

(a) Second-order scheme with limitation. (b) Density profiles comparison.

FiG.: Point blast Sedov problem on a Cartesian grid made of 30 x 30 cells : density.

17/37 )




T
solution
2ndorder o |

"
=SSN
\§\\\\\

.l |
1 ]
[l 0 L — 1 1 L L
0 0.2 0.4 0.6 .4 5 0 0.2 0.4 0.6 0.8 1 12 14
(a) Second-order scheme with limitation. (b) Density profiles comparison.

FiG.: Point blast Sedov problem on a unstructured grid made of 775 polygonal cells :
density map.
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C2a Numerical results

Noh problem

T T
exact solution ——
0t

o _,.i

matase

£ 0 L L L
0.1 02 03 0.4 0.5 0 0.05 0.1 0.15, 0.2 0.25 03 0.35 0.4

(a) Second-order scheme with limitation. (b) Density profiles comparison.

F1G.: Noh problem on a Cartesian grid made of 50 x 50 cells : density.
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C2a Numerical results

Taylor-Green vortex problem

(a) Second-order scheme. (b) Exact solution.

FiG.: Motion of a 10 x 10 Cartesian mesh through a T.-G. vortex, at t = 0.75.

222222




Rate of convergence computed on the pres-

sure in the case of the Taylor-Green vortex

L Ly [ Lo | L. |
hll E. [a || E, [a, | E. |a
2 || 8.98E-3 [ 1.88 || 1.51E-2 [ 1.75 | 6.73E-2 | 1.27
2 || 244E-3[1.94 | 448E-3 [ 1.95 [ 2.79E-2 | 1.68
a5 || 6.36E-4 [ 2.00 || 1.16E-3 [ 2.00 || 8.68E-3 | 1.95
o || 1.59E-4 | 2.01 || 2.90E-4 | 2.01 || 2.24E-3 [ 2.01
g || 394E-5 | - [[718E5| - [ 554E-4[ -

TAB.: Second-order DG scheme without limitation at time t = 0.6.

L Li | Lo | Lo \
h EP ar. E" a, El T4
S| 1.99E2 | 2.33 || 2.92E-2 | 2.03 || 8.27E-2 | 1.34
N 3.96E-3 | 2.25 || 7.16E-3 | 2.20 || 3.26E-2 | 1.61
1 [ 831E-4 | 217 || 1.66E-3 | 2.15 || 1.07E-2 | 1.52
1 T1.85E-4 | 2.11 || 3.50E-4 | 2.14 || 3.73E-3 | 2.41
4 28E-5 - 8.01E-5 - 7.01E-4 -

TAB.: Second-order DG scheme with limitation at time t = 0.6.

21/37



Cea Content

Third-order DG scheme
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C22 Curvilinear elements motivation

Circular polar grid : 10 x 1 cells | Taylor-Green exact motion

. A=

: : \{f?@’\\
: : \l\‘&{«%
SN

)
0.1 0.2 03 04 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
&

@ V. DOBREV, T. ELLIS, T. KOLEV AND R. RIEBEN, High Order Curvilinear
Finite Elements for Lagrangian Hydrodynamics. Part | : General
Framework, 2010. Presentation available at
https://computation.llnl.gov/casc/blast/blast.html 227
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C2a Geometric consideration

@ The P, quadratic mapping function writes
X =®(X,t) = > Xp(t) pp(X),
P

where the points p are the triangular nodes and the control points Q of
the Bezier edges, and the P, barycentric coordinate functions p, write

Mp = (/\p)za Hpt = ()‘;J*)Za Hp— = (/\p* )2’
HnqQ = 2)\p/\pv, Hao+ = 2)\p+/\p—, Ho- = 2)‘;7’ /\p,

where the functions \;, with / € {p, p*™, p~ }, are the P; Finite Elements
linear basis functions

@ Finally, the quadratic mapping expresses as

O(X,t)= > [Xp(t) (Mo(X))? +2xa(t) \p(X)A (X)]
PEP(T))

23/374




2

Fi(X, t) = A > X [Xp® LpcNpe + X ® Lp+cNpc + Xg ® Lp-Np-]
! peP(T)
d 2 . i o
EF/(X, t) = 7 Z Mo [Up ® LpeNpe + Uq @ Lp+cNp+c + Ug ® Lp-oNp-c]
" peP(T)
where Ug = 4Un - Up— Up and LycNpe = %(Xp+ —Xp-) x ez

2

@ Given p, Q and p™, and ¢ in [0, 1], we define
the Bezier curve as

x(¢) = (1—¢)Xp+2¢(1 — {)Xq + (*Xp+

2x Xp+ X
@ Midpoint X, = x(3) = w

4

d
o tdl = d%( d¢ = 2((1 - ¢)(Xq — Xp) + (X — Xa)) d¢




Cea Local boundary terms integration

Numerical fluxes quadratic approximation
@ On face fyp:
U, () =0-00=20Up+4¢(1 = QYUm + ((2¢ = 1) Up+
PP Q) = (1= Q)1 = 20)Pg +4¢(1 = )Prme + C(2¢ — 1)
W|§p+ (€)= -0 —20)(PU)j +4¢(1 = O)(PU)me + ¢(2¢ = 1)(PU) 1

@ The basis function o being quadratic over Q.

05, . (€)= (1= O(1 —20) 05(X,) +4C(1 — ) o (Xm) +C(2€ — 1) 0(Xp)

Fundamental assumption

° PU=PU= (PU)s = Py U, and (PU)mc = Ppc Uny
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_ Normal and subcell forces definitions

I9:n%s = p_c"qn;c’q + gt
o npc = ﬁ [(6(’ (Xp) +40g (Xm*))/Q*pnO*p + (US(XP) - Ucc;(xp*))/p*pnp*p]
1
10 {(6 UC(XP) + 400(Xm))/po”po + (Ug(Xp) - Uccy(xp*))/pp* ”pp*}
Fls = Poe lpcTnps? + Pl s 7nps?

+.9 9 _
/pc nc -

q Ap— 1 [H9pt
/ cnmc o lmc nmc + /mC nmC

Caseofg=0
a1
Rl 5 (408(Xm) + (X)) lbanpa IoeNpe = lo-aNa-q

1
/;:-,qn-‘r _ g (4 O’C(Xm) + 0.5(pr)> /Op‘ Nap: il e = lpp+nppA

B — Prciiense

v

_ 1 2
o | U.GNdL= ) 3Up+lo-ana-o + > 3 Um « lop* M+
J 0 pEP(c) meM(c)
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ce_a Normal and subcell forces definitions

@ The semi-discrete equations on the specific volume, momentum and total

energy successive moments, ensuring the GCL write
ntri

/Qp il )o dV_—Z/U GVXo—ch+Z U,./ npc+z um 9 .n%.

i pGP me/\/l C)
/,00—(7 dv = Z/ PGV xo5dV — Z F - > 5F?,,C
Qe = peP(c meM(c)
‘ 2
0
/p dtodV Z Pu.vaagdva §U,J.Fgcfz 3Un-F;
JQ¢ PEP(c) meM(c)

0o P=P—Z (U-US).n

. Fgc = P{(Xp, 1) Igonjc — M (Up — UR(X), 1)),
where MZ; = Z; (/p‘c’qn;c’q ® Mpe + I Mp? ® an>

© Fi = Pi(Xm, 1) lchie — Mie (Um — Up(Xm, 1)),

where M. = Z Ienihe @ N

V.
c1s




— Nodal and midpoint solvers

@ Fundamental identity on the cell
P=P;—Z,(U—-U).n,

where Z; = p¢ ac is the acoustic impedance
@ Using this expression to calculate Fg’C leads to

F3e = P5(Xp, ) Ipcnge — Mge (Up — UR(Xp, 1)),
where MJ; = Z, (/p‘c’q Np? @ N + [N @ n;C>
@ Regarding the midpoint subcell forces, F?,. writes
F?nc - Pfc)(xmv t) /r?mn?nc - M?nc (Um - Uﬁ(xm, t))=

where the M7, matrices are defined as

M?nc - Zc lrcrlvcn?nc & Nme

w
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_ Nodal solver

@ To be conservative in total energy and momentum over the whole
domain, we set the following sufficient conditions

> Fpe=0 and Fp+ Fpp=0,
ceC(p)

where C(p) is the set of cells surrounding the p node, and ©; and Qg the
two cells surrounding the midpoint m

@ Thanks to Z F,c = 0, we finally have an explicit expression of U,

ceC(p)
Z Moc) Up = > [P5(Xp, 1) lpclpe + Mpe Up(Xp, 1)]
ceC(p ceC(p)

where Mpe = Z (IgeNje ® N + IpeNpe ® Nip,) are positive semi-definite
matrices with a physical dimension of a density times a velocity.
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— Midpoint solver

@ The use of the condition F,,, + F,r = 0 leads to

Mo Ue — M- ZYnXm) + Zp UR(Xm) \  PR(Xm) = Ph(Xim)
m m — m ZLJFZFf _

where the matrix M, = ZlLI\/ImL = ZlRMm,:; writes My, = lppt Nppt @ Nppt

lop+ Npp+
ZL+ZF{ ppt Mppt s

Approximate Riemann problem solution
Z, Up(Xm) + Zr Up (Xm) PH(Xm) — P5(Xm)

@ (Up.np)= < R ) « Nppr — A

@ Regarding the tangential contribution, we make the choice of

Z US(X ) + Zr UR(X 1)
(Um-tpp)—< : nZ7L+ZR T
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ce_a Numerical results

Polar Sod shock tube problem

T
solution ——
3rdorder e

01 02 03 04 05 06 07 08 09 1

(a) Density map. (b) Density profil.

F1G.: Sod shock tube problem on a polar grid made of 100 x 1 cells.

31/374




ce_a Numerical results

Polar Sod shock tube problem

T
solution ——
3rdorder e

01 02 03 04 05 06 07 08 09 1

(a) Density map. (b) Density profil.

F1G.: Sod shock tube problem on a polar grid made of 100 x 3 cells.
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C2a Numerical results

Variant of the Gresho vortex problem

1.012

0.4
1.01

03

-04 -03

-02 -0. . .
(a) Second-order scheme.

F1G.: Gresho vairant problem on a polar grid defined in polar coordinates by
(r,0) € [0,1] x [0, 2x], with 40 x 18 cells at t = 0.36 : zoom of the desity map on the
zone (r,0) € [0,0.5] x [0, 27].




C2a Numerical results

Variant of the Gresho vortex problem
s fa”e‘igﬁﬁ.iﬁ',;.; ) | s e s 1
(a) Pressure profil. (b) Velocity profil.
F1G.: Gresho vairant problem on a polar grid defined in polar coordinates by
(r,0) € [0,1] x [0, 27], with 40 x 18 cells at t = 0.36.
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Numerical results




Rate of convergence computed on the pres-

sure in the case of the Taylor-Green vortex

[ Ly [ L | [ |

hl EL e | EL [a, | E [d

g || 4-39E-3 | 3.00 || 7.73E-3 | 2.68 || 3.90E-2 | 1.93

5.50E-4 | 3.04 || 1.21E-3 | 3.10 || 1.03E-2 | 2.98

1
20
& || 6.68E-5 | 2.91 || 1.40E-4 | 2.87 | 1.30E-3 | 2.66
1 718.90E-6 | 2.89 || 1.92E-5 | 2.83 || 2.11E-4 | 2.74

80
1

160 || 1-20E-6 - 2.70E-6 - 3.16E-5 -

TAB.: Third-order DG scheme without limitation at time t = 0.6.

[ Ly [ L | [ |

A A A A A A
E] q, E, 9L, E]. qr.

2.67E-4 | 2.96 || 3.36E-7 | 2.94 || 1.21E-3 | 2.86

3.43E-5 | 2.97 || 4.36E-5 | 2.96 || 1.66E-4 | 2.93

4.37E-6 | 2.99 || 5.59E-6 | 2.98 || 2.18E-5 | 2.96

5.50E-7 | 2.99 || 7.06E-7 | 2.99 || 2.80E-6 | 2.99

4

6.91E-8 - 8.87E-8 - 3.53E-7 -

=
(o
(=]

TAB.: Third-order DG scheme with limitation at time t = 0.1.
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Cea Conclusions and perspectives

Conclusions

@ We developped a 2nd and a 3rd order DG scheme for the 2D gas

dynamics system in Lagrangian formalism with particular geometric
consideration

@ Numerical fluxes study
@ Riemann invariants limitation
@ GCL and Piola compatibility condition ensured by construction

Prospects

@ High-order limitation on curved geometries
@ Implementation of a 3rd order DG scheme on moving mesh
@ Extension to ALE
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