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Q Introduction

e DG as a subcell Finite Volume

e Monolithic subcell DG/FV scheme
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Introduction Discontinuous Galerkin scheme

Scalar conservation law
@ Jru(x,t)+ Vx.F(u(x,t) =0, (x,t) € wx[0,T]

@ u(x,0) = up(x), Xecw

(k + 1) order semi-discretization

@ {wc}c a partition of w, suchthat w=J,we
® up(x,t) the numerical solution, such that  up,, = US € P¥(w)

(X, 1) = D U () o (x)

® {08} me1. N, abasisof P¥(wg), with Ny = CHKE2) jq op,

Local variational formulation on w,

/ S vaV= | FUp). Vi dV — | o Fods, Vih € PH(wo)

Owe

o Fn=F (uS,ul,n) numerical flux
A

i = = SaR=
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Introduction Discontinuous Galerkin scheme

Solid body rotation: discontinuous Galerkin scheme
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(a) Solution at t = (b) Solutionatt=2=

Figure : Rotation of composite signal on 242 cells: 6""-order DG
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Introduction Discontinuous Galerkin scheme

Spurious oscillations, aliasing and non-entropic behavior
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(a) Non-entropic behavior

(b) Aliasing phenomenon

Figure : DG solutions for the Buckley non-convex flux case
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Admissible numerical solution

@ Maximum principle / positivity preserving
@ Ensure a correct entropic behavior

Spurious oscillations

@ Discrete maximum principle
@ Relaxing condition for smooth extrema

Methodology

Blend, at the subcell scale, high-order DG and 1st-order FV

[ F. VILAR, A Posteriori Correction of High-Order DG Scheme through
Subcell Finite Volume Formulation and Flux Reconstruction. JCP, 2018.

[4 F. VILAR AND R. ABGRALL, A posteriori local subcell correction of DG
schemes through Finite Volume reformulation on unstructured grids.
SIAM Sci. Comp., 2023.

= = = = =
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DG as a subcell Finite Volume Cell subdivi

e DG as a subcell Finite Volume
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DG as a subcell Finite Volume Cell subdivision

DG as a subcell Finite Volume
@ Rewrite DG scheme as a FV-like scheme on a subgrid

Cell subdivision into Ns > Ny subcells

Figure : Examples of Ng > Nj subdivision
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DG schemes through residuals

Nk
due
° E (;;m /O'mO'pdV:/ F(uﬁ).vxapdV—/ op FndS, Vpe [1,N]
m=1 We We

Owe
dU,
— TG
® (Uc)m = uf, Solution moments
@ (Mc)mp :/ omopdV Mass matrix
@ (Ye)m= [ F(Uf).VxomdV — [ om FpdS DG residuals
We Owe

Subdivision and definition

@ w. is subdivided into N; subcells S,
1

1Skl Jsg,

@ Let us define @f,, = 1 dV the subcell mean value

— —_ = — SaReut
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DG as a subcell Finite Volume Reconstructed fluxes through residuals

Submean values

Ni
_ 1 —
°U%:|SC\Z“5/ qdV = Us = Ps Us
ml 4= c
o (Uo)m=T1¢, Submean values
1 o ,
@ (Pe)mp = 5 s opdV Projection matrix
== dgc =P Mo,

Admissibility of the cell sub-partition into subcells
@ P!P. has to be non-singular

= U, = (PLPy)~'PLU, Least square procedure

@ iNs=Ny, Us=P,U, — U,=P;'U,
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DG as a subcell Finite Volume Reconstructed fluxes through residuals

Subcell Finite Volume: reconstructed fluxes

@ Let us introduce the reconstructed fluxes such that

dus, 1 —
=— 7
dt E3 2 Fom

@ V¢ is the set of face neighboring subcells of S¢,

@ We impose that on the boundary of cell w, so for Sf ¢ we

/?‘w\77 :/ FrdS= F (ug, up, n;,) dS
e,

fop

@ Let I/—'; be the vector containing all the interior faces reconstructed fluxes
@ Then, 7—'\0 is uniquely defined as following

I/:;:_A(t,wc;1 (DCPCM(:_1 ¢c+Bc>

@ The only terms depending on the time are ¢, and B;
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DG as a subcell Finite Volume Examples of subdivisions

Different cell subdivisions P8

/\‘

Figure : Examples of easily generalizable subdivisions for a triangle cell

@ Only the functional space matters
@ The cell subdivision has no influence on the resulting scheme

@ Evenin the case where N > Ni
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DG as a subcell Finite Volume Examples of subdivisions

Rotation of a composite signal after one full rotation
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(a) Cartesian subdivision (b) Polygonal subdivision

Figure : P3 reconstructed flux FV schemes on 576 cells: subcells mean
values
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DG as a subcell Finite Volume Examples of subdivisions

Rotation of a composite signal after one full rotation

0.2 . . 0.8 1

(a) Triangular subdivision (b) Enriched-DG triangular subdivision

Figure : P3 and P4+ reconstructed flux FV schemes on 576 cells: subcells
mean values
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DG as a subcell Finite Volume Examples of subdivisions

Rotation of a composite signal after one full rotation
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Figure : Reconstructed flux FV schemes on 576 cells: solution profiles for
y=0.75
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Monolithic subcell DG/FV scheme

e Monolithic subcell DG/FV scheme
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Monolithic subcell DG/FV scheme Formulatio

Definitions

i i FV i = i FV
° Fm+% = ]-‘m+% 4 6m+% (Fm+% ]—‘m+%) convex blended flux
AF[’M%
° Fl . high-order reconstructed flux
2
o FilN = F (Uﬂ,,, Uﬂm) first-order subcell numerical flux
2

_ 5 > (U;n o UIm) E-flux

Frangois Vilar (IMAG) Monolithic local subcell DG/FV scheme ALGORITMY 2024



Monolithic subcell DG/FV scheme Entropy conservation/stability

Questions regarding entropy

@ Can we find the 9;'" .1 coefficients ensuring an entropy inequality?

2

@ What do we mean by entropy inequality?
o for one or any entropy?
o at the discrete or semi-discrete time level?

o at the cells or subcells space level?

o If we manage to ensure an entropy inequality, is it worth the effort?
e in terms of accuracy

@ in terms of other critical properties to ensure, as positivity for instance

@ Do we really need an entropy inequality to practically capture the
entropic weak solution?

@ If numerical diffusion is the key, how much do we need?

= ™ - - = e
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Monolithic subcell DG/FV scheme Entropy conservation/stability

ﬂHMMEIIIIIIIIIIIIIIIIIIIIIIIII

entropy - entropy flux

° v(u) n'(u) entropy variable
@ Y(u) = v(u) F(u) — ¢(u) entropy potential flux
o g (u-,ut) = LIFA) 7 ) )
o () <yt w11 )me7_¢Wﬂ;fWﬂ

Subcell entropy stability at the discrete level for all (1, ¢)

o |f AFm+‘§ . (Um+1 _Um) > 0,

< min (1’ ('7m+*z _’YGod) (Um+1 _Um)>

0

m+

ol

2AF,,

® Ygog Godunov viscosity coefficient

— 1st order scheme!
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Semi-discrete subcell entropy dissipation for a given (7, ¢)
o if AF, ;. (v(Ums1) — v(Um)) > 0,

w(nmﬂ) - w(um) _FFV.
V(Um+1) — (Um) m+3
AFm+%

— 2nd order scheme!

@ D. KuzmIN AND M. QUEZADA DE LUNA, Algebraic entropy fixes and
convex limiting for continuous finite element discretizations of scalar
hyperbolic conservation laws. Comp. Math. Appl. Mech. Eng., 2020.

@ A. RUEDA-RAMIREZ, B. BoLM, D. KuzmIN AND G. GASSNER, Monolithic
Convex Limiting for Legendre-Gauss-Lobatto Discontinuous Galerkin
Spectral Element Methods. Arxiv, 2023.
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Histopolation and sub-resolution basis functions

@ Let {\S}n be the histopolation basis function such that, for v¢ € PX(w)

@ Let {¢%}n be the sub-resolution basis function such that, V1 € P*(w;)

/wmwdvzf $aVv
we &

@ Then, given v¢ € PK(w), it writes
Nk
Vi =) vh e
m=1

Orthogonality property

A ©p AV = [S5| Omp

We
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Semi-discrete cell entropy dissipation for a given (7, ¢)
° d (up) dV = v(up) g dV = | vEwipdV=A
dat n\Unp = h) Otlp = h OtUp = ATjc
Ni
°® vi=) viy5  L?projection of v(uf) onto P
m=1
Ny Ny
¢ \m=1 m=1
For sake of simplicity, let us consider 1D Ne=k+1
k+1 o
o Ani=— ZV ( m+3 _Fm—%) = Avol + Apar
k+1 ) ) o ) ) -
© Avor =Y (Vint = Yin) Frniy + (V4 = V(b)) 0} F)
m=1
(VU064 p) = Yierr) G Fig »
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Boundary entropy contribution

FV i, FV FV i, FV DG _ i DG — i
— 7 — 7 — Fi — Fi
> ‘7-/7% = ]:15 ’ ]:i+% _‘Fk+g’ ]:i—% - F%’ ‘7:i+% =Fiis

— pi i+1 — i
0 6,y =0, —0 o VI, = v(Uj(xyy))

o Abdr:Zi 1—0,_1 ]:.FV1 —I—V.-"_1 0. 1]:.D(15
! 2 =2 =3 1727 i—3

Semi-discrete cell entropy stability for a given (7, ¢)
° ]—“nfx% = F(U(Vieq),u(vy)) modified FV numerical flux

@ A sufficient condition to entropy stability writes as follows

Avor < 6;_3 (1/’(!'1) _7/’(‘/:%)) + 01 (7!’(‘/,-7 ) - ¢(15<+1)) +¢(Zf<+1) - ¢(14)

1
2

[3 Y.LIN AND J. CHAN, High order entropy stable discontinuous Galerkin
spectral element methods through subcell limiting. JCP, 2024.
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Monolithic subcell DG/FV scheme Entropy conservation/stability

o A< (1-0y) (UFD —v() +6,y (v, FP —v(v'))

- 1 —I‘<+1 il = —I'(+1 = Vil ,7 il ,71
(1) (K 75— 9(0n)) =00y (72, 72— (0)
o Given (v, vg), if 3D >0 such that
¥(va) = () D
F(u(w). u(ve)) = B - 2 (va - )

then

Q-lQ..

?{ u,, )dav < — (¢,+7—q/5,\_/7)

° ¢i+% = (1 _9i+%) " (Z;'(—H’ Zq“) +0+‘ ¢" ( ::—‘2’ V:i%)

© ¢" (v, VR) = VLZVR J-'(u(vL), U(VR)) - w

Monolithic local subcell DG/FV scheme
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napsack problem

@ The sufficient condition rewrites as

a.eo<b»b

° @:(e"%,...,e;+%)t

) . t
@ a= (a’1 e a;prg) defined as
2

y= W= ) FRS = (v() —v(v )
8y = (Vy1 = Vi) Py —FV), melt, Al

ks = (Vipy = Yhot) ]:,32 - <¢(Vi:-%) - 1/)(!f<+1)) ’

@ b=1(Vh1) =¥ (4) = D (Uit — Vi) Friy
m=1

@ Because b >0 the Knapsack problem is indeed solvable
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Greedy algorithm

k+1
@ Find 0 < ® < ©¢ <1 maximizing » Oy Suchthat | a.@ <b
m=1
t
@ O = (a‘f, o 0,‘(7+§) is a given supplementary constraint
2 2

High-order accuracy preservation

@ Let us consider u a smooth exact solution

@ ul = u+ O(AxK*T) (k + 1)"-order approximation

@ Then, we have that

a.1— b= O(Axk+2)

@ This implies that

—_——

Fi

m+

= F(u(x,"m%)) + O(Axk+T)

(S
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Linear advection of a composite signal

exact solution

discrete subcell entropy

semi-discrete subcell entropy
semi-discrete cell entropy —e—

0.2 ! ! !
=il -0.5 0 0.5 1

Figure : P>-DG/FV solutions on 40 cells: submean values
-
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Linear advection of a composite signal n(u) = |u — k| \(1 +¢)

exact solution
ke = -0.00001 —e—
1k Rh‘ﬁ i
yvv
0.8 - *
0.6 - 1
0.4 | E
0.2 - *
: |
-0.2 L I )
-1 -0.5 0 0.5 1
Figure : P5-DG/FV submean values on 40 cells: ¢ = 0.25 and k, =-1.D-5

v
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Linear advection of a composite signal n(u) = |u — k| \(1 +¢)

1.2 T

exact solution
ke =1.00001 —eo—

0.2 w ‘ ‘
-l 0.5 0 05 1

Figure : P5-DG/FV submean values on 40 cells: e = 0.25 and ko = 1 + 1.D-5
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Non-linear -convex flux Buckley case
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Figure : P3-DG/FV submean values: n;(u) = ju? and n»(u) = [ atan(20u) du

.
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Monolithic subcell DG/FV scheme Entropy conservation/stability

-convex flux Buckley case 80 cells
‘ ‘ ‘ ‘ ‘ ‘ ‘ exaét solption‘
L} Crmal — 1
0.8 -
0.6 -
0.4
0.2
(0]
-1 —0‘.8 -0‘.6 —0‘.4 -0‘.2 6 0‘.2 (;.4 0‘.6 (;.8 1
Figure : P3-DG/FV submean values: n;(u) = ju? and n»(u) = [ atan(20u) du

.
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Monolithic subcell DG/FV scheme Entropy conservation/stability

KPP non-convex flux problem

-15 -1 -05 0 05 1 15 -2 1. -1 -0.5 0 0.5 1

(a) 1™-order FV on 209184 cells (b) P4-DG/FV on 576 cells

Figure : P4-DG/FV entropic scheme: non-entropic solution
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Questions regarding entropy — pieces of answer

@ Can we find 9;'" . coefficients ensuring an entropy inequality?

+3

@ What do we mean by entropy inequality, and is it worth the effort?
e for any entropy, at the discrete time level and for any subcell

—> 1°-order
e for a given entropy, at the semi-discrete time level for any subcells
—> 2"-order

e for a given entropy, at the semi-discrete time level for any cells

S (k+1)"-order
s Fly = F(UVp), u(vy) A

@ Do we need entropy stability or just “enough” numerical diffusion?

% Unclear... — GMP and LMP + relaxation

9
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Monolithic subcell DG/FV scheme Maximum principles

Global maximum principle

/,_77:_/%_ S [Olm7 5m] =1 (Unm—h UZM Unm—H)

PN e — _
o Um+% € [ami1, Bmy1] =1 (Unmv Unm+1a Unm+2)

min (3m+1—Um+1>U,*n+%—04m) if AF, mt >0
0_.1 < min (1, D_. 1 )
e 1B min (Bm — Uiy Umiy — amyt) i AFp,, <0

@ Smooth extrema relaxation to preserve accuracy
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Monolithic subcell DG/FV scheme Maximum principles

Linear advection of a composite signal 40 cells

| exact sol: nihn
| GMP |+ relaxiLMP
1F | primalicells N
a f X
0.8 |- { B
0.6 - i
0.4 - e
02 | i
: 11
Sl -0.5 0 ‘ 0.5 1
Figure : P8-DG/FV with GMP and relaxed-LMP: submean values
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Monolithic subcell DG/FV scheme Maximum principles

Linear advection of a composite signal 40 cells

‘ ‘ ‘ exact solution

a L GMP + relax-LMP —e— i
0.8 - 1
0.6 - 1
0.4 1
0.2 - o

. L
-1 -0.5 (0] 0.5 1

Figure : P8-DG/FV with GMP and relaxed-LMP: submean values
<
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Monolithic subcell DG/FV scheme Maximum principles

Non-linear non-convex flux Buckley case 40 cells

exact solutio
GMP + relax-LMP +—&—=

3 primal cells
2 i
1 i
of |
-1+ —
2 i
-3 -

-0.4 -0.2 0 0.2 0.4

Figure : P8-DG/FV with GMP and relaxed-LMP: submean values
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Monolithic subcell DG/FV scheme Maximum principles

Non-linea -convex flux Buckley case 40 cells
exéct solution ‘ ‘ ‘ ‘
GMP + relax-LMP —e—
sk
2 i
1| J :
0 i
-1+ .
2 -
-3 —
—0‘.4 -0‘.2 é) (;.2 O‘.4
Figure : P8-DG/FV with GMP and relaxed-LMP: submean values
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Monolithic subcell DG/FV scheme Maximum principles

Non-linear non-convex flux Buckley case 40 cells

‘ ‘ ‘ ‘ ‘ ‘ ‘ exact solution

a L GMP + relax-LMP —e— |
0.8 - b
0.6 - *
0.4 |- E
0.2 - b
1 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1

Figure : P8-DG/FV with GMP and relaxed-LMP: submean values
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Monolithic subcell DG/FV scheme Maximum principles

Burgers equation Uo(X, y) = sin(27 (X + y))

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

b (=)o)

Blending coefficients

Figure : P5-DG/FV scheme with GMP and relaxed-LMP on 242 cells
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Monolithic subcell DG/FV scheme Maximum principles

KPP non-convex flux problem

-2 -1.5 -1 -0.5 0 0.5 1 15 2 -2 -1.5 -1 -0.5 0 0.5 1 15 2

(a) 1™-order FV on 209184 cells (b) P7-DG/FV on 272 cells

Figure : P7-DG/FV scheme with GMP and relaxed-LMP
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Monolithic subcell DG/FV scheme System of conservation laws case

Non-linear Euler compressible gas dynamics equations

@ OV+Vi.F(V)=0
P
eV=|gq conservative variables
E
q
(2
e F(V)= % +pl flux function
q
E+p)—
(ERERIE
_ (v _1lal? -
ep=pV)=(v—1) | E 5, equation of state

Monolithic subcell DG/FV scheme property
@ Positivity of the density and internal energy, at the subcell scale
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Monolithic subcell DG/FV scheme System of conservation laws case

Frey = F oty + 0y (Fopy - FHY) convex blended flux

P
9m+2 0 0
q
° @m+% = 0 9m+% 0
0 0 957+1
2
° .7-'m+1 =F (Um, Uni1) Global L-F, Rusanov, HLL(C), ...

Positivity of the density
° 90 " _9/3 9(2)

m+1 m+1

TYm+1

14 H 2 *

9m+2 < min (1, 71 pm+1§
m+3

2
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Monolithic subcell DG/FV scheme Positivity of the density and internal energy

Positivity of the internal energy

1 1 2
L N q _pr(1) p E
® Any = oy (2 (aFg,,) -orar, AFm+;>
2
1
— * q * 5 1) *
- Bmpé—%n+1 (CI,,H%AFH,+1 Prmiy BF s —-0r 1 E +1AF” 1)
2
° Mm+1§ = pm+1§ Em+‘§ T2 (qm+%)

M,
9(2) < i 17 mts
e S L Bm+1§|+max(0,Am+%)

@) q E
10 m+3’ 9m+;_9 +3’ 9 m+3 _9m+2

00 , =0

m+3 m+1

[3 A. RUEDA-RAMIREZ, B. BoLM, D. KuzmIN AND G. GASSNER, Monolithic
Convex Limiting for Legendre-Gauss-Lobatto Discontinuous Galerkin
Spectral Element Methods. Arxiv, 2023.
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Monolithic subcell DG/FV scheme Local Maximum Principle (LMP) and entropy stability

e ve {pq, E} conservative variable
_— —n —n
° Vm+‘z € [am, Bm] = I( m—1> V;,_%: Vims V;+%a Vm+1>

e " — " —
m+1§ € [Oém+1, 5m+1] *I( m» Vm+1§7 Vi1, Vm+%7 Vm+2)

min (Bmi1 — V*+%, V*Jr1§ — am) it AF, 1 >0

m+%§min (1, |Dm+%| )
i —Ozm+1) ifAFer% <0
2

@ Smooth extrema relaxation to preserve accuracy

Entropy inequalities
@ The same techniques apply here — But is that really needed?
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Monolithic subcell DG/FV scheme umerical results

Sod shock tube test case 10 cells

exact solutioni ——

1 positivity + relax-LMP; —e—
\ primal cells -

L

0 0.2 0.4 0.6 0.8 1

Figure : P8-DG/FV scheme with GMP and relaxed-LMP: submean values
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Monolithic subcell DG/FV scheme Numerical results

uble rarefaction test case 10 cells

exact solution ———
1 positivity + relax-LMP, —e— 7“"
; primal cells -
0.8 - |
0.6 - |
0.4 |
0.2 |
O \\WM/
[0] 0.2 0.4 0.6 0.8 1
Figure : P8-DG/FV scheme with GMP and relaxed-LMP: submean values
<
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Monolithic subcell DG/FV scheme Numerical results

Shock acoustic-wave interaction test case 200 cells

5

exact solutlon
positivity + relax-LMP

4.5 *

0.5 I I I I I I I I I

Figure : P2-DG/FV scheme with GMP and relaxed-LMP: HLL-C numerical flux

A
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Monolithic subcell DG/FV scheme Numerical results

Smooth isentropic solution po = 1+ 0.9999999 sin(27x)
e P ~_ |

ol ¥ \

TN |

SRERNEDY |

Ly L,
h | B la, | E |4
2 || 1.-54E-5 [ 4.01 || 2.04E-5 | 3.82
20 || 9-57E-7 [ 4.89 || 1.45E-6 | 4.85
a0 || 3.22E-8 | 4.84 | 5.00E-8 | 4.87
o | 11269 - [171E9] -

Table: Convergence rates computed on the pressure with a 5th-order DG/FV scheme |
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Monolithic subcell DG/FV scheme Numerical results

Sod shock tube problem in cylindrical geometry

exact solution’
6th-order APLSC-DG

0.1 0.2 0.3 0.4

KK -ii ) [FE () Denstyprotie

a) Density map

Figure : 6th-order APLSC-DG with GMP and relaxed-LMP on a 110 cells
mesh

Francois Vilar (IMAG) Monolithic local subcell DG/FV scheme ALGORITMY 2024 43/45



Monolithic subcell DG/FV scheme Numerical results

Sedov point blast problem in cylindrical geometry

@8-.. aco) (b) Density profile
a) Energy map
Figure : 6th-order APLSC-DG on a 271 cells mesh at t = 1
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Monolithic subcell DG/FV scheme Conclusion?

Monolithic local subcell DG/FV scheme

@ Reformulate DG schemes as subgrid FV-like schemes:
o regardless the type of mesh used

e regardless the space dimension (in theory...)
o regardless the cell subdivision (Ns > Nk)

@ Combine high-order reconstructed fluxes and 15t-order FV fluxes
@ ensuring a maximum or positivity preserving principle at the subcell scale

e ensuring different entropy stability inequalities

reducing significantly the apparition of spurious oscillations
@ preserving the very accurate subcell resolution of DG schemes

Questions

@ Is an entropy inequality for one entropy enough?

C—  Generally, no

@ |s entropy inequality absolutely needed?
C— Maybe not =—> GMP + relaxed LMP
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Monolithic subcell DG/FV scheme Conclusion?

Articles on this topic

[@ F. VILAR, A Posteriori Correction of High-Order DG Scheme through
Subcell Finite Volume Formulation and Flux Reconstruction. JCP,
387:245-279, 2018.

D A. HAIDAR, F. MARCHE AND F. VILAR, A posteriori Finite-Volume local
subcell correction of high-order discontinuous Galerkin schemes for the
nonlinear shallow-water equations. JCP, 452:110902, 2022.

[§ F. VILAR AND R. ABGRALL, A posteriori local subcell correction of DG
schemes through Finite Volume reformulation on unstructured grids.
SIAM SISC, 46(2), 2024.

D A. HAIDAR, F. MARCHE AND F. VILAR, Free-boundary problems for
wave-structure interactions in shallow-water: DG-ALE description and
local subcell correction. JSC, 98(45), 2024.

@ A. HAIDAR, F. MARCHE AND F. VILAR, A robust DG-ALE formulation for
nonlinear shallow-water interactions with a floating object. JSC, under
review, 2024.
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Monolithic subcell DG/FV scheme Conclusion?

Linear advection of a composite signal n(u) = |u — k| \(1 +¢)

" exact solution
ke = min/max +/- 0.00001 —e—

i L

-1 -0.5 0 0.5 1

Figure : P>-DG/FV on 40 cells: e = 0.25 and ke =min\max ¥ 1.D-5
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