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Introduction Discontinuous Galerkin scheme

Scalar conservation law
@ Jru(x,t)+ Vx.F(u(x,t) =0, (x,t) € wx[0,T]

@ u(x,0) = up(x), Xecw

(k + 1) order semi-discretization

@ {wc}c a partition of w, suchthat w=J,we
® up(x,t) the numerical solution, such that  up,, = US € P¥(w)

(X, 1) = D U () o (x)

® {08} me1. N, abasisof P¥(wg), with Ny = CHKE2) jq op,

Local variational formulation on w,

/ S vaV= | FUp). Vi dV — | o Fods, Vih € PH(wo)

Owe

o Fn=F (ug, ul,n) numerical flux
“

i = = SaR=
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Introduction Discontinuous Galerkin scheme

@ Introduced by Reed and Hill in 1973 in the frame of the neutron transport

@ Major development and improvements by B. Cockburn and C.-W. Shu in
a series of seminal papers

Procedure

@ Local variational formulation

@ Piecewise polynomial approximation of the solution in the cells
@ Choice of the numerical fluxes

@ Time integration

Advantages
@ Natural extension of Finite Volume method
@ Excellent analytical properties (L, stability, hp—adaptivity, .. .)
@ Extremely high accuracy (superconvergent for scalar conservation laws)
@ Compact stencil (involve only face neighboring cells)
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Introduction Discontinuous Galerkin scheme

Numerical example: solid body rotation
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Figure : Rotation of composite signal: initial solution
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Introduction Discontinuous Galerkin scheme

Roughly constant number of degrees of freedom
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(a) 1st order on 5154 cells (b) 6th order on 242 cells (5082 DoF)

Figure : Rotation of composite signal: initial solution
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Introduction Discontinuous Galerkin scheme

Subcell resolution of DG scheme
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(d) 6th order on 242 cells (5082 DoF)

(c) 1st order on 5154 cells
Figure : Rotation of composite signal after one period: subcells mean value
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Subcell resolution of DG scheme
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Figure : Rotation of composite signal after one period: profiles for y = 0.75
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Introduction Discontinuous Galerkin scheme

Buckley non-convex flux problem
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(a) Non-entropic behavior (b) Aliasing phenomenon
Figure : Uncorrected DG solution for the Buckley non-convex flux case where
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Introduction Spurious oscillations and non-admissible solution

Gibbs phenomenon and non-admissible solution
@ High-order schemes leads to spurious oscillations near discontinuities
@ Non-admissible solution potentially leading to a crash
@ Vast literature of how prevent this phenomenon to happen:

—> a priori and a posteriori limitations

@ Artificial viscosity

@ Flux limitation

@ Slope/moment limiter
@ Hierarchical limiter

@ ENO/WENQO limiter

A posteriori limitation

@ MOOD (“Multi-dimensional Optimal Order Detection”)
@ Subcell finite volume limitation
@ Subcell limitation through flux reconstruction
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Admissible numerical solution

@ Maximum principle / positivity preserving
@ Ensure a correct entropic behavior

Spurious oscillations

@ Discrete maximum principle
@ Relaxing condition for smooth extrema

Methodology

Blend, at the subcell scale, high-order DG and 1st-order FV

[ F. VILAR, A Posteriori Correction of High-Order DG Scheme through
Subcell Finite Volume Formulation and Flux Reconstruction. JCP, 2018.

[4 F. VILAR AND R. ABGRALL, A posteriori local subcell correction of DG
schemes through Finite Volume reformulation on unstructured grids.
SIAM Sci. Comp., 2022. Under revision.

= = = = =
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DG as a subcell Finite Volume Cell subdivi

e DG as a subcell Finite Volume
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DG as a subcell Finite Volume Cell subdivision

DG as a subcell Finite Volume
@ Rewrite DG scheme as a FV-like scheme on a subgrid

Cell subdivision into Ns > Ny subcells

Figure : Examples of Ng > Nj subdivision
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DG schemes through residuals

Nk
due
° E (;;m /O'mO'pdV:/ F(uﬁ).vxapdV—/ op FndS, Vpe [1,N]
m=1 We We

Owe
dU,
— TG
® (Uc)m = uf, Solution moments
@ (Mc)mp :/ omopdV Mass matrix
@ (Ye)m= [ F(Uf).VxomdV — [ om FpdS DG residuals
We Owe

Subdivision and definition

@ w. is subdivided into N; subcells S,
1

1Skl Jsg,

@ Let us define @f,, = 1 dV the subcell mean value

— —_ = — SaReut
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DG as a subcell Finite Volume Reconstructed fluxes through residuals

Submean values

Ni
_ 1 —
°U%:|SC\Z“5/ qdV = Us = Ps Us
ml 4= c
o (Uo)m=T1¢, Submean values
1 o ,
@ (Pe)mp = 5 s opdV Projection matrix
== dgc =P Mo,

Admissibility of the cell sub-partition into subcells
@ P!P. has to be non-singular

= U, = (PLPy)~'PLU, Least square procedure

@ iNs=Ny, Us=P,U, — U,=P;'U,
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DG as a subcell Finite Volume Reconstructed fluxes through residuals

Subcell Finite Volume: reconstructed fluxes

@ Let us introduce the reconstructed fluxes such that

dz, 1 —
— -1 [ Fuas
dt 1SS| Jose "

@ Let VS be the set of face neighboring subcells of S&,

dus, 1 —~
dt |SS)| 2 /, "

@ We impose that on the boundary of cell w,

—

Fn :Fn

Iawc

@ Then, if ])Tnc stands for the set of face neighboring subcells inside w,

4T, 1 / =
- FndS + | FndS
dt 1S Z\, o, ! 085NBw,
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DG as a subcell Finite Volume Reconstructed fluxes through residuals

Subcell Finite Volume: reconstructed fluxes

@ Taking two subcells S¢, and Sp, the orientation face function 7, writes
1 if face fg, is direct or if 17, C duwe,
Emp=14 —1 if face fg, is indirect,
0 it Sf ¢ V5.
° F,dS = I?m\p = —I-fp;, face integrated reconstructed flux
s
4ty __ 1 | s~ Fo [ Fyas
dt |Sh T st o,
S eV,
@ (Bo)m= FndS Cell boundary contribution
858 Ndwe
@ (Ac)mp = mp Adjacency matrix
e D, = diag (|s10|, . |S,CVK|> Subcells volume matrix
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DG as a subcell Finite Volume Reconstructed fluxes through residuals

Subcell Finite Volume: reconstructed fluxes

@ Let 7—'; be the vector containing all the interior faces reconstructed fluxes
@ The subcell mean values governing equations yield the following system

= dU
—Ac Fe = De dtc

Graph Laplacian technique

@ Ac € Mp,xne with Nf the number of interior faces
° Al1=0 where 1=(1,...,1)' € RN

[3 R. ABGRALL, Some Remarks about Conservation for Residual
Distribution Schemes. Methods Appl. Math., 18:327-351, 2018.

Qo Let £g1 be the inverse of L, = A; Al on the orthogonal of its kernel

+ B

ﬁ;h:uc+xnr1f%n VA #0

o N=43 (1©1)e My,
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DG as a subcell Finite Volume Reconstructed fluxes through residuals

Graph Laplacian technique

@ Finally, we obtain the following definition of the reconstructed fluxes

[/:;:_A(t:ﬁg1 (DCPCM(;1 qJC'f'Bc)

@ The only terms depending on the time are ¢, and B;

One-dimensional case: Ni = N; — 1

1 o ... O i -1 0 ... O
1A -1 2 1
0o A= o , L=AA=] o
1 -1 2
0 -1 0 0o -1 1
OB":(_}-"*%’O"“’O’]:/JF%)t
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DG as a subcell Finite Volume Examples of subdivisions

Different cell subdivisions P8

/\‘

Figure : Examples of easily generalizable subdivisions for a triangle cell

@ Only the functional space matters
@ The cell subdivision has no influence on the resulting scheme

@ Evenin the case where N > Ni
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DG as a subcell Finite Volume Examples of subdivisions

Rotation of a composite signal after one full rotation
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(a) Cartesian subdivision

Figure : P2 reconstruted flux FV schemes on 576 cells: subcells mean values
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DG as a subcell Finite Volume Examples of subdivisions

Rotation of a composite signal after one full rotation

0.2 . . 0.8 1

(a) Triangular subdivision (b) Enriched-DG triangular subdivision

Figure : P3 and P4+% reconstruted flux FV schemes on 576 cells: subcells
mean values
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DG as a subcell Finite Volume Examples of subdivisions

Rotation of a composite signal after one full rotation
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Monolithic subcell DG/FV scheme

e Monolithic subcell DG/FV scheme
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Monolithic subcell DG/FV scheme Formulation

@ F | high-order reconstructed flux
m+3
° }',’,Hé =F (Uin, Uﬂm) first-order subcell numerical flux
F(u F(u A il . .
_ Fln) + F(Tns) I (s — ) E-flux
2 2
— = |
° F,’n+1 J”+1 +0m+1 (F,’n+1 ]—‘m+2) convex blended flux
| ———
AF”H%
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Monolithic subcell DG/FV scheme Godunov-type scheme

@ We drop superscript /, as the cell structure is only seen in the
construction of the reconstructed fluxes F,’;7+1

2

@ We focus on forward Euler (FE) time stepping, as SSP Runge-Kutta can
be formulated as convex combinations of FE

@ We drop superscript ” when not explicitly needed

Reformulation of the monolithic subcell scheme

At == _ At _

a1 _

e UZ7+ :Um_m (Fm+%—Fm_1§) iF(Um)i m(";m+%+'}m7%>Um

At
= (1= s mes +70) )

L At - Friy — F(Um) LA - Fn_y — F(Um)
b ‘ _ 4 2 @ 7
|Sm| 7m+§ m ’)/m_‘_% |Sm| m—3 m ,Ym_%

m+1§_ um_1§+
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Monolithic subcell DG/FV scheme Godunov-type scheme

Convex combination
At

© Apyy = 1S T3
—n+1 — —~ — +
Ulry_ = <1 - (/\m—% +Am—t—%)) Um + /\m—t-% um+% + )‘m—‘ﬁ um—%
S "
o At< _ Sl CFL condition
Ym—3 + Vm+}
Modified Riemann intermediate states
0o i =T _Fm+1§7F(Um)_, _]:m—}—%*F(Um)_e AFm—}—%
m+l — Um — Um m+l
2 TYm+1 TYm+1 2 Tm+1
:Um+Um+1 7F(Um+1)fF(Um)70 1 AFm+%
2 2Ym+4 " Ymay
u;w%
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Monolithic subcell DG/FV scheme Modified Riemann intermediate states

Modified Riemann intermediate states
AFm+l 1 — — —— +
< = Unpy = 5 (um+% + Uy 1 )

—— +

° =ur
Uiy = Unyy £0mey :

(a) 1st-order situation (b) Blended flux situation

Weak entropic solution average
U +ut 3 F(ut)— F(u™)

,
o ur: vt vt

y 2 2 T

1 A X ] :
= —:u, ut)dx
2’)’At/,YAtW<At ) At

o v > F'(u

12 max | IF()

2~y At
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Monolithic subcell DG/FV scheme Maximum principles

Global maximum principle

/,_77:_/%_ S [Olm7 5m] =1 (Unm—h UZM Unm—H)

PN e — _
o Um+% € [ami1, Bmy1] =1 (Unmv Unm+1a Unm+2)

min (3m+1—Um+1>U,*n+%—04m) if AF, mt >0
0_.1 < min (1, D_. 1 )
e 1B min (Bm — Uiy Umiy — amyt) i AFp,, <0

@ Smooth extrema relaxation to preserve accuracy
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Monolithic subcell DG/FV scheme Maximum principles

Linear advection of a composite signal

1k exact solution o
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Figure : P>-DG/FV solutions on 40 cells: submean values
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Monolithic subcell DG/FV scheme Maximum principles

Linear advection of a composite signal

T
exact solution
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Figure : P>-DG/FV solutions on 40 cells: submean values
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Monolithic subcell DG/FV scheme Maximum principles

-convex flux Buckley case

1.2 T T
exact solution
FV —e—
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Figure : P4-DG/FV solutions on 40 cells: submean values
v
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Monolithic subcell DG/FV scheme Entropy conservation/stability

® (n,9) entropy - entropy flux
e v(u)=17'(u) entropy variable
@ Y(u) = v(u) F(u) — ¢(u) entropy potantial
= A
° ¢*(U—7u+):w_%(n(u+)_n(u ))
o o« nuT)+nt)  n(ut)—n(u7)
Subcell entropy stability at the discrete level for all (n, ¢)

o if AF,, 1. (Umit —Um) >0,

. (7 uedl _'YGod) (Um-H —Um)
0m+% S min (17 s QAFmJrl
2

® Ycog Godunov viscosity coefficient
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Subcell entropy stability at the discrete level for a given (n, ¢)

o if AFm+%.v< s, sz) >0,
) (n;km_l —n(uy, 1)) |Dm+%|
9m+% <min |1,
|V( m+3 u Dm+1 >|
il * 1
o if AFm+1§.v(um+% Dm+%) <0,
* *
(nm+% - ’l’}(Uer%)) |Dm+%|
0.1 <min|[ 1
m+3 ? ‘V U 1 ‘
m+1 Dm+1§
v
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Subcell entropy conservation/dissipation at the

semi-discrete level for a given (n, ¢)
o if AFm+‘§ . (V(Um+1) = V(Um)) > 0,

¥ (Umi1) — 2 (Um)
V(Ums1) — (Um)
AFm+%

@ D. KuzmIN AND M. QUEZADA DE LUNA, Algebraic entropy fixes and
convex limiting for continuous finite element discretizations of scalar
hyperbolic conservation laws. Comp. Math. Appl. Mech. Eng., 2020.

[3 A. RUEDA-RAMIREZ, B. BoLM, D. KuzMIN AND G. GASSNER, Monolithic
Convex Limiting for Legendre-Gauss-Lobatto Discontinuous Galerkin
Spectral Element Methods. Arxiv, 2023.
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Cell entropy conservation/dissipation at the semi-discrete level

for a given (7, ¢)

o if AFer% : (Mm+1 _Zm) >0,
w(u(zmﬂ)) —TP(U(Zm)) =
0 .. <min |1 Ymi1 — Zm o
1 < ;
m+3 AFm+1§
@ Finyy = ]-"(u(zm+1), u(zm)> modified FV numerical flux
ket
o v[=> Vo € P L2 projection of v(u},) onto PX
=1
® { O} met kst L2 projection of {]13,- } onto P¥
=1 gocog m ) m
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Monolithic subcell DG/FV scheme Entropy conservation/stability

Linear advection of a composite signal

T
exact solution

E-flux —e—
1 subcell digorete inequality
subcell semi-djs~iete inequality
cell semi- |<,cr?te inequality
0.8

0.2

=il -0.5 0

0.5 1

Figure : P>-DG/FV solutions on 40 cells: submean values
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Monolithic subcell DG/FV scheme System of conservation laws case

Non-linear Euler compressible gas dynamics equations

@ OV+Vi.F(V)=0
P
eV=|gq conservative variables
E
q
(2
e F(V)= % +pl flux function
q
E+p)—
(ERERIE
_ (v _1lal? -
ep=pV)=(v—1) | E 5, equation of state

Monolithic subcell DG/FV scheme property
@ Positivity of the density and internal energy, at the subcell scale
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Monolithic subcell DG/FV scheme System of conservation laws case

m+1§ =Fnii +9m; ( el — 15> convex blended flux
—,_/
AFm-*—l
2
P
br., O 0
q
0, =0 6. o0
o o0 ¢F,
2
F(Vn)+F(V Ymil -
° Fm+1 _ ( m) ( m+1) _ 'm+3 (Vm+1 _ Vm)
2 2
Positivity of the density
° 0 =000,
o ( ) Tm+3 *
) <min (1. 2251,

Frangois Vilar (IMAG) Monolithic local subcell DG/FV scheme JOMA 2023 34/50



Monolithic subcell DG/FV scheme Positivity of the density and internal energy

Positivity of the internal energy

1 1 q p(1) £
0 Any = ey <2 (AFm+1> AR AN
1 1)
® B, = Yot (qm+‘ AF pm+‘ AFm+‘ gp( ) E m+% AFP+‘§>
m+3
* * * 2
® Mm+1§ P! Em+1§ - % (qm+1)

|/
< mi 2
9m+% = min <1 | + max (0 A, ))

00 ,=0"Wy 09 =6 .. 0E . =6 __,

mty ~ UmetUmty Umgpl T Umiy Umit T Umtg

@ A. RUEDA-RAMIREZ, B. BoLM, D. KuzmIN AND G. GASSNER, Monolithic
Convex Limiting for Legendre-Gauss-Lobatto Discontinuous Galerkin
Spectral Element Methods. Arxiv, 2023.
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Monolithic subcell DG/FV scheme Local Maximum Principle (LMP)

n+1 o —n * —n
S I( m—1s Vm—%’ Vm, Vm-s—%’ Vm+1>

e ve {pq, E} conservative variable
—— —n —n

o Vm+1§ [Oém, ,Bm] —I( m—1> V;,_%, Vms V:;H—%’ Vm+1>
— —n —n

° Vm+% € [amy1, Bmitl *I( m V;,+1§a Vmii, V;,+%v Vm+2)

. . . ,
min (5m+1 — Vm+%, Vm+% fam) IfAFer% >0

)

0m+1 S min (1, |Dm+1|
2 2 M * *
min (Bm—VnH%7 Vm+%

— Ozm+1) if AFer% <0

@ Smooth extrema relaxation to preserve accuracy
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Monolithic subcell DG/FV scheme Local Maximum Principle (LMP)

Sod shock tube test case

exact solution; ——

1 FV
positivity:
positivity + relax-LMP; —e—
primal cells =

0.6 - 3

0.2 - v\ 1
\

0 0.2 0.4 0.6 0.8 1

Figure : P8-DG/FV solutions on 10 cells: submean values
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Monolithic subcell DG/FV scheme Local Maximum Principle (LMP)

Sod shock tube test case

exact solutioni ——

1 positivity + relax-LMP; —e—
\ primal cells -

0.6 - 3

L

0 0.2 0.4 0.6 0.8 1

Figure : P8-DG/FV solutions on 10 cells: submean values
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Monolithic subcell DG/FV scheme Local Maximum Principle (LMP)

Smooth isentropic solution po = 1+ 0.9999999 sin(27x)
U] e R = Py ~ ]

ol ¥ \

TN |

SRERNEDY |

Ly L,
h | B la, | E |4
2 || 1.-54E-5 [ 4.01 || 2.04E-5 | 3.82
20 || 9-57E-7 [ 4.89 || 1.45E-6 | 4.85
a0 || 3.22E-8 | 4.84 | 5.00E-8 | 4.87
o | 11269 - [171E9] -

Table: Convergence rates computed on the pressure with a 5th-order DG/FV scheme |
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Monolithic subcell DG/FV scheme 2D scalar conservation case

Different cell subdivisions

Figure : Examples of easily generalizable subdivisions for a triangle cell
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Monolithic subcell DG/FV scheme 2D scalar conservation case

Rotation of a composite signal after one full rotation

SO ‘I e
%@A@E‘ll’

“;;‘:‘w-
6D
Z |
\/

KDKH

VAN
g
Wa

0.8 0.8

(a) Cartesian subdivision (b) Polygonal subdivision

Figure : P3-DG/FV scheme with GMP and relaxed-LMP on 576 cells: subcells
mean values

Frangois Vilar (IMAG) Monolithic local subcell DG/FV scheme JOMA 2023 40/50



Monolithic subcell DG/FV scheme scalar conservation case

Rotation of a composite signal after one full rotation
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(a) Triangular subdivision (b) solution profiles for y = 0.75
Figure : P3-DG/FV scheme with GLMP and relaxed-LMP on 576 cells
v

Cell subdivision impact

@ The subdivision does have an impact on the DG/FV scheme

@ Much lesser for non-linear problems
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Monolithic subcell DG/FV scheme 2D scalar conservation case

Burgers equation

SAvivay
B

(a) DG (b) GMP + relaxed-LMP

Figure : P3-DG/FV scheme on 576 cells: subcell mean values
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Monolithic subcell DG/FV scheme 2D scalar conservation case

Burgers equation
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Figure : P3-DG/FV scheme with GMP and relaxed-LMP on a 576 cells mesh
at t = 0.5: submean values versus (x + y — 1) coordinate
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Monolithic subcell DG/FV scheme 2D scalar conservation case

Burgers equation Uo(x, y) =sin(2r (x + y))

b

(a) Solution submean values Blending coefficients

Figure : P3-DG/FV scheme with GMP and relaxed-LMP on 576 cells
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Monolithic subcell DG/FV scheme 2D system of conservation laws case

Sedov point blast problem in cylindrical geometry

@8-.. aco) (b) Density profile
a) Energy map
Figure : 6th-order APLSC-DG on a 271 cells mesh at t = 1
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Monolithic subcell DG/FV scheme 2D system of conservation laws case

A Mach 3 wind tunnel with a step
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Figure : 6th-order APLSC-DG solution for the facing step problem on 680
cells at t = 4: submean density map

Francois Vilar (IMAG) Monolithic local subcell DG/FV scheme JOMA 2023 46/50



Monolithic subcell DG/FV scheme 2D system of conservation laws case

2D non-linear shallow water equations - prebalanced formulation

® &V + Vy.F(V,b) = B(V,V,b)

|

o V= <n> conservative variables ‘ -
q
@ B(V,0xb) = source term
( ) <_g77vxb> ¢
q
° F(V.b)=|qoq 1 flux function

7}—7b aF ég (772 —277b) Iy

APLSC-DG scheme properties
@ Positivity-preservation of the water height H = n — b, at the subcell scale

@ Well-balancing property, at the subcell scale

— —_ = — SaRent
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Monolithic subcell DG/FV scheme 2D system of conservation laws case

Rock-wave interaction

(=)o)

Figure : 3rd-order APLSC-DG on a 7000 cells mesh
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Monolithic subcell DG/FV scheme 2D system of conservation laws case

Work in progress,
To be continued...
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Cell subdivision: condition number of the projection matrix P,

PO | P! P2 P3

Unif. struct. subdiv. 1 4 10.91 | 31.75

Non-unif. struct. subdiv. 1 4 9.52 | 29.28

Unif. polyg. subdiv. 11287 | 873 | 27.89

Non-unif. polyg. subdiv. || 1 | 2.87 | 8.19 | 26.94

Table: Projection matrix condition number for different orders and subdivisions
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