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Abstract. This paper contains several new contributions to the numerical approximation of shallow-water equa-
tions. We introduce a high-order local subcell monolithic DG/FV discretization method for the approximation of
nonlinear free-surface shallow-water equations with source terms. This encompasses both nonlinear hyperbolic
shallow-water equations (also known as Saint-Venant equations) and weakly-dispersive fully-nonlinear equa-
tions (known as Green-Naghdi equations), approximating the general free-surface water-wave equations in the
shallow-water flow regime. The method is grounded on a classical Discontinuous Galerkin (DG) formulation,
written as a particular Finite Volume (FV) discretization on a sub-partition, involving reconstructed high-order
interface numerical fluxes. In the present work, we investigate the important issue of source terms discretization
in the framework of such local subcell monolithic DG/FV strategies, focusing on the bathymetry source terms,
and also higher-order differential source terms coming from dispersive corrections for higher-order asymptotic
models. The originality of the method is the introduction of a priori blended fluxes, which are convex com-
binations of the so-called high-order reconstructed fluxes and low-order FV fluxes. The blending coefficients
are adaptively computed for each subcell interface to enforce relevant convex properties at the discrete level,
including water-height positivity. Starting from the DG piecewise polynomial approximation, the bathymetry
source term is also discretized at the subcell level, and we prove that a suitable well-balanced property, ensuring
the preservation of motionless steady-states, can be achieved at the subcell-scale relying on some finely tuned
combinations of various hydrostatic-like reconstructed states at lower/higher accuracy levels, simultaneously
occurring at local and global scales. We also introduce an original and efficient combination of this new well-
balanced local subcell monolithic DG/FV with a high-order Internal Penalty discontinuous-Galerkin method,
in order to approximate the higher-order contributions appearing in the Green-Naghdi equations in a consistent
and accurate way. We then conduct extensive evaluations of the resulting numerical methods, providing insights
about the observed numerical convergence and the overall robustness, including the ability to preserve steady-
states, to prevent nonphysical oscillations near discontinuities and to ensure the positivity of the water-height
at the discrete level.
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1. Introduction.
The NSW equations are one of the most popular models for the description of shallow-water flows in some
particular flow regimes. These equations are extensively used for the study of hydraulic, geophysical or oceano-
graphical problems related to wave propagation and transformations in nearshore areas. Compared to the
(weakly dispersive) Boussinesq-type models, the hyperbolic nature of the NSW equations generally provides a
precise depiction of steep-fronted flows, such as dam-breaks, flood waves, and bore propagation in surf zones.
Extensively used in the study of water ressources and coastal engineering, this model has also proved its effi-
ciency to investigate flows involving run-up and run-down on coastal structures and, for instance, predicting
coastal inundations, see for instance [38,51].

There exist quite a large number of numerical methods to approximate the solutions of the NSW equations, and
we won’t be able to provide an extensive view in a few lines but rather some guidelines in the corresponding
literature. Since the 1960s, many efforts have been dedicated to numerical study of NSW equations’ weak so-
lutions, leading to Finite-Volumes (FV) methods [1,2,7,30,31,84], Finite-Elements (FE) methods [6,62,67,77],
spectral methods [43, 56, 64] or residual distribution methods [3]. Notably, Godunov-type FV methods receive
acclaim for their minimal computational expense and shock-capturing capacity, crucial for maintaining the
integrity of discontinuous or steep gradients found in sharp-fronted and trans-critical shallow water flows, see
among others [4,8,12,15,33,46,54,59,63,71,76]. However, FV methods generally exhibit low accuracy, at least
without introducing elaborated reconstruction methods based on larger stencils.
Discontinuous Galerkin (DG) methods are high-order in nature and have recently surged in popularity for
approximating solutions to various linear and nonlinear Partial Differential Equations (PDEs). By combining
several features usually associated with FE, FV or spectral methods, DG methods have demonstrated several
successes across numerous computational domains. They enable an arbitrary spatial order of accuracy, rely on
compact stencils, are geometrically flexible (geometries and meshes) and h/p adaptative. Additionally, they
easily allow concurrency programming and generally exhibit some local conservation and strong-stability prop-
erties. We refer the interested reader to [52, 70] for pioneering works, and to [21] for a general introduction
to the various aspects of the DG methods. However, despite becoming sufficiently mature to handle realistic
problems and their ability to successfully address various complex modelizations, DG methods notably suffer
from nonlinear stability issues. Specifically, high-order DG methods may generate spurious oscillations near dis-
continuities or steep gradients, known as the Gibbs phenomenon, potentially resulting in unstable or unaccurate
solutions. Another significant challenge in approximating the NSW equations with high-order DG methods is
to maintain the water-height positivity in the vicinity of singularities associated with vacuum, due to the use
of oscillating polynomials. Such issue may arise in situations involving alternative wet and dry areas, including
the study of flood waves or run-up over coastal shores.

In recent years, various attempts have been pointed out to help stabilizing high-order approximations: these
may be broadly categorized under the two a priori and a posteriori paradigms. The a priori approaches involve
pre-emptive corrections: troubled zone indicators identify where corrections are needed [68], before advancing
the numerical solution. Then, efforts are directed at the numerical solution or scheme to ensure progression to
the next time step. Several methods include artificial viscosity [37,47,65,78], borrowing from streamline upwind
Petrov Galerkin (SUPG) and Galerkin least-squares methods, and popular limiting techniques like slope and
moment limiters [10, 18, 25, 48, 53], which sequentially scale the different moments of the polynomial solution,
preserving solution accuracy and boundedness near discontinuities. Furthermore, (H)WENO limiting proce-
dures [5, 69, 87, 88] and solution filtering methods [60, 66, 75, 79] are employed to address spurious oscillations,
with recent popularity in subcell FV shock capturing techniques within DG schemes [14,19,74].
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While the aforementioned subcell FV correction techniques are a priori, a wide range of a posteriori subcell
corrections has also gained considerable popularity. Within the a posteriori paradigm, an uncorrected candidate
solution at the new time step is first computed. This solution is then assessed against a set of admissibility
criteria (e.g. positivity, discrete maximum principle). If the criteria are satisfied, the candidate solution is kept;
otherwise, it is locally recomputed using a more robust scheme. Notably, a posteriori procedures inherently pre-
serve maximum principles and positivity, provided that the correction scheme itself does so [17,23,24]. Among
recent a posteriori approaches are the MOOD technique [24], which progressively reduces the approximation
order of the numerical scheme until admissibility is recovered, and subcell FV corrections applied in an a pos-
teriori fashion [26]. The latter rely on subdividing each cell into subcells, applying a robust first-order FV (or
alternative) scheme on each subcell, and subsequently reconstructing a high-order polynomial over the original
cell. Such a posteriori stabilizations have demonstrated remarkable effectiveness in the context of shallow water
simulations, see for instance [32, 42, 58]. However, whether applied a priori or a posteriori, these correction
strategies typically modify the high-order DG polynomial globally within troubled cells, which may compromise
the accuracy achievable on coarse meshes.

To address this limitation, a new conservative technique was introduced in [80,82], designed to modify the DG
numerical solution only locally at the subcell level. The method aims at preventing non-admissible solutions,
preserving maximum principles and positivity for systems, and avoiding code failures, while maintaining high
accuracy and conservation at the subcell scale. By restricting corrections to a minimal number of troubled sub-
cells, the procedure effectively limits spurious oscillations and preserves both high-order accuracy and subcell
resolution. Importantly, the approach is parameter-free and naturally adapts from second order to arbitrarily
high orders. When applied to the NSW equations [40,41], the method relies on specific local flux corrections at
the subcell level, combined with a posteriori admissibility detectors. Despite their excellent performance across
a broad range of problems, a posteriori strategies remain challenging both to implement and to analyze. More-
over, in such approaches, the solution in problematic subcells is typically recomputed using a purely first-order
FV scheme, whereas a more effective strategy could involve a local combination of high-order DG and low-order
FV discretizations. These considerations motivated the extension of the aforementioned local subcell correction
strategy to a fully a priori framework.

In [81], building upon the analytical reformulation of high-order DG schemes as FV-like schemes defined on a
subgrid, a new class of methods was introduced that combines, at the subcell level, a high-order DG discretization
with a first-order FV scheme. These blended approaches, referred to as local subcell monolithic DG/FV schemes,
are fully a priori and allow the enforcement of arbitrary convex admissibility properties. In addition, [81] pro-
vides an in-depth analysis of entropy stability within this novel local subcell monolithic framework. In parallel,
several other monolithic approaches have been proposed in recent years, see for instance [49, 55, 61, 72, 73, 85]
and references therein. In these methods, high-order schemes, such as DG spectral element methods (DGSEM)
based on Summation-By-Parts (SBP) quadrature and flux collocation [55, 72, 73, 85], or continuous Galerkin
discretizations [49,61], are blended, at a scale smaller than the cell, with a low-order scheme to ensure that the
numerical solution remains within a convex admissible set. For instance, in [55, 72], local subcell monolithic
DGSEM/FV schemes are presented, closely related in spirit to [81]. The key distinction lies in the fact that
the Gauss-Lobatto solution representation and flux collocation, while ensuring SBP properties, mainly restrict
these approaches either to one spatial dimension or to tensor-product multi-dimensional settings on Cartesian
grids. In contrast, the theoretical framework developed in [82], based on a general FV-like reformulation of
DG schemes, is applicable to arbitrary spatial dimensions, unstructured meshes, and generic cell subdivisions.
Let us nonetheless mention that successful extensions of these monolithic SBP DGSEM to unstructured grids
composed of triangles have been carried out, in particular in [85] where entropy-stable DGSEM are blended
with a low-order scheme to ensure positivity of the water height. However, the resulting formulation does not
rely anymore on an explicit subcell structure. Instead, the low-order component is based on the solution of
a graph Laplacian problem defined on a specific connectivity graph, rather than on a standard first-order FV
scheme based on subcells.

Following the path of the novel local subcell monolithic method presented in [81], we introduce here a new
discrete formulation with an arbitrary order of accuracy for the NSW equations relying on the definition of
new blended fluxes, which are convex combination of higher-order reconstructed fluxes with first-order FV
fluxes. The blending coefficient being computed at each step of time on each subcell interface, ensure water-
height positivity. We also show that such an approach may be introduced while preserving the important
class of motionless steady states slutions at the subcell level, provided the use of a two-scales hydrostatic
reconstruction-like strategy, operating both at the cell and the subcell levels, adapting the ideas of [27,29]. We
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also show that such a stabilizing strategy may be extended to more elaborated shallow-water models, including
weakly dispersive shallow-water asymptotics, like the Boussinesq or the Green-Naghdi (GN) equations, using
an IP-DG high-order method for the associated elliptic sub-problems. In particular, we describe in details
a coupling strategy between the proposed local subcell DG/FV monolithic method and a SWIP-DG method
recently introduced in [86] for the GN equations, based on a suitable combination of projection and averaging
operators. Next, we assess the ability of this new family of schemes, called monolithic DG-FV convex property
preserving schemes, to remove nonphysical instabilities in the vicinity of singularities for the NSW equations,
and ensure that the mean values of the water height on the sub-partition remain positive. We highlight, on
several test-cases, the particularly interesting subcell resolution ability of the resulting scheme, which allows
to accurately capture and track the wet-dry fronts time-evolutions even in the interior domain of some larger
mesh-elements.

Figure 1: Main notations for free surface flows.

2. Continuous and discrete settings

2.1. Shallow-water models
Given a smooth parameterization b of the bathymetry variations, denoting by H the water height, u the
horizontal (depth-averaged) velocity and q = Hu the horizontal discharge, and defining the total free-surface
elevation as η := H + b, see Fig. 1, we consider some shallow-water models, which may be commonly expressed
as systems of partial differential equations of the form:

∂tv + ∂xF(v, b) = B[b](v) + D[H, b](v), (1)

supplemented with some initial-data v(·, 0) := v0 and where:

− R × R+ ∋ (x, t) 7→ v(x, t) := (η, q)(x, t) ∈ H +
b gathers the chosen flow description variables, with

H +
b := {(η, q) ∈ R2 | H := η − b ≥ 0},

− H +
b × R ∋ (v, b) 7→ F(v, b) :=

(
q, uq + 1

2 g(η2 − 2ηb)
)t ∈ R2 is the (nonlinear) flux function, given here

in the pre-balanced form. We recall that the pre-balanced formulation of the flux relies on the following
identity:

gH∂xη = 1
2g∂x(η2 − 2ηb) + gη∂xb.

,

− H +
b ∋ v 7→ B[b](v) := (0,−gη b′)t ∈ R2 stands for the bathymetry source term,

− H +
b ∋ v 7→ D[H, b](v) ∈ R2 stands for higher-order differential operator acting on the flow variables v,

possibly including second-order diffusive viscosity terms and third-order dispersive non-hydrostatic terms.

As an example, we investigate the later case for the GN model [36], written in the formulation introduced
in [16], which fits the current framework, by setting:

D[H, b](v) := −
(

0, (1 + T[H, b])−1Q[H, b](v) − gH∂xη
)
, (2)
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where T[H, b] is a linear (invertible) operator (with nonlinear terms with respect to H and its derivatives)
defined for any w ∈ H2(R) (where Hs(R) denotes the Sobolev space of functions v ∈ L2(R) whose weak
derivatives up to order s have a finite L2-norm), as follows:

(1 + T[H, b])w :=
(
H + S1[H, b]⋆HS1[H, b] + S2[b]⋆HS2[b]

)w
H
.

In the previous definition, S1[H, b]⋆ and S2[b]⋆ stand for the respective adjoint operators of:

S1[H, b]w := H√
3
∂x −

√
3

2 ∂xb, S2[b]w := 1
2∂xb,

and the nonlinear operator Q[H, b] is defined for all sufficiently smooth scalar-valued functions w as follows:

Q[H, b](v) := gH∂xη +H(−2R1[H, b]((∂xw)2) + R2[H, b]((w∂x)2b)), (3)

with

R1[H, b]w := − 1
3H∂x(H3w) − H

2 w∂xb, R2[H, b]w := 1
2H∂x(H2w) + w∂xb.

Remark 2.1. Various algebraic source terms may also be considered like for instance nonlinear roughness bed-
friction stresses terms. We recall that friction-driven stability issues may occur when H → 0 and some suitable
numerical treatment may be applied, like the one proposed in [9,28] for instance.

Remark 2.2. Considering the homogeneous NSW equations (B[b](v) = D[H, b](v) = 0), and taking v0 ∈
(Hs(R))2 with s > 1 + d/2 (d = 1 being the horizontal space dimension), the study of regular solutions to the
Initial Value Problem (IVP) problem associated with (1) falls into the class of Cauchy problems for Friedrichs-
symmetrizable systems and is locally well-posed in C((0, T ), (Hs(R))2), see for instance [45]. Considering the
GN equations, we refer to [44] for the invertibility of (1 + T[H, b]) and a long-time existence result for regular
solutions from v0 ∈ Hs(R) × Hs+1(R) in the d = 1 case. When bathymetry variations are accounted for, then
the previous result still holds for b ∈ C∞

b (R) (infinitely differentiable functions uniformly bounded together with
all their derivatives).

Remark 2.3. As pointed out in [86], a convenient and exactly equivalent formulation for the GN equations
reads as follows:

∂tv + ∂xF(v, b) = B[b](v) + D[H](v,Λ), (4)

where the previous higher-order term is replaced by the following (mostly algebraic) new one:

D[H](v,Λ) :=
(

0, gH∂xη −HΛ
)
, (5)

the auxiliary variable Λ being obtained as the solution of a second-order linear differential elliptic problem:

L[H, b]Λ = Q[H, b](v), (6)

with:

L[H, b] := H + S1[H, b]⋆HS1[H, b] + S2[b]⋆HS2[b]. (7)

Such operator, supplemented with suitable boundary conditions when bounded domain are considered, see the
next Remark 2.4, allows some convenient numerical decoupling of differential operators approximations. This
last formulation is used in the remainder of this work.

Remark 2.4. In practice, the numerical solution of (4)-(6) is sought in the closure of a bounded spatial domain
Ω ⊂ R. To properly close this system, appropriate boundary conditions must be prescribed not only for the primal
variables v := (η, q) but also for the auxiliary variable Λ, ensuring that the corresponding discrete problem is well-
defined on Ω. In this work, we consider only periodic or the so-called "solid-wall" conditions (i.e. homogeneous
Neumann on η and Λ, homogeneous Dirichlet on q) boundary conditions.
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2.2. Discrete setting
Mesh and related polynomial approximation

Let Ω ⊂ R denote the computational domain (interval), with boundary ∂Ω. We consider the following partition
Th := {ω1, . . . , ωnel} ⊂ Ω of open disjoint elements ω of boundary ∂ω such that

Ω =
⋃

ω∈Th

ω.

This partition is characterized by the mesh size h := max
ωi∈Th

hi where hi is the size of ωi. For a given element ωi,
we also note ωi := [xi− 1

2
, xi+ 1

2
] and xi its barycenter. For any integer k ≥ 0, let us define the broken-polynomials

space:

Pk(Th) := {v ∈ L2(Ω) | ∀ω ∈ Th, v|ω ∈ Pk(ω)},

where Pk(ω) denotes the space of polynomials in ω of total degree at most k, with dimPk(ω) = k+1. Piecewise
polynomial functions belonging to some broken-polynomial space Pk(Th) are denoted with a subscript h in the
following, and for any vh ∈ Pk(Th), and for all ωi ∈ Th, we use the shortcut vi

h := vh|ωi
. For any ωi ∈ Th, a

basis for Pk(ωi) is denoted by

Ψωi := {ψi
j}j∈J1,k+1K, (8)

and for vi
h ∈ Pk(ωi), vi :=

{
vi

j , j ∈ J1, k + 1K
}

stand for the local degrees of freedom associated with ωi,
introduced as follows:

vi
h :=

k+1∑
j=1

vi
jψ

i
j .

We also denote by v :=
{
vi, i ∈ J1, nelK

}
the global degrees of freedom of vh. For ωi ∈ Th, we denote by pk

i the
L2-orthogonal projector onto Pk(ωi) and pk

h the global L2-orthogonal projector onto Pk(Th), gathering all the
local L2 projectors pk

i . We also define the broken gradient operator ∇k
h : Pk(Th) → Pk−1(Th) such that, for all

vh ∈ Pk(Th):

(∇k
hvh)|ω := ∂x(vh|ω), ∀ω ∈ Th.

Seeking for approximate solutions of (1), the next sections are devoted to the computation of vh := (ηh, qh),
such that for any time value, vh(·, t) ∈ (Pk(Th))2. For any given vh ∈ (Pk(Th))2, and for the sake of simplicity,
we generally use the shortcuts v∓

i± 1
2

:= vi
h(xi± 1

2
) to describe its left and right traces at the mesh interfaces xi± 1

2
.

Sub-mesh and related discrete operators

Let us divide the initial mesh into subcells: for any given mesh element ωi ∈ Th, we introduce a sub-partition
T k

ωi
into k + 1 open disjoint subcells:

ωi :=
k+1⋃
m=1

Si
m,

where the subcell Si
m := [x̃i

m− 1
2
, x̃i

m+ 1
2
] is of size |Si

m| = |x̃i
i+ 1

2
− x̃i

i− 1
2
|, with the convention x̃i

1
2

= xi− 1
2

and
x̃i

k+ 3
2

= xi+ 1
2
. When considering a sequence of neighboring element ωi−1, ωi and ωi+1, we may use the convenient

convention Si
0 := Si−1

k+1 and Si
k+2 := Si+1

1 .

Figure 2: Subcell decomposition of ωi through k + 2 flux points.
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For any given ωi ∈ Th, let us introduce the set of piecewise-constant functions on the sub-mesh:

P0(T k
ωi

) := {v ∈ L∞(ωi) | ∀Si
m ∈ T k

ωi
, v|Si

m
∈ P0(Si

m)},

together with the subcell-indicator functions

{1i
m | m ∈ J1, k + 1K},

such that 1i
m(x) := 1 if x ∈ Si

m, and 0 otherwise, allowing to define the mean-value operator πk
i onto P0(T k

ωi
)

such that

Pk(ωi) ∋ vi
h 7→ πk

i ◦ vi
h :=

k+1∑
m=1

vi
m1

i
m =: vi

h ∈ P0(T k
ωi

),

where {
vi

m, m ∈ J1, k + 1K
}

=: vi,

is the collection of piecewise-constant components defined as the mean-values of vi
h on the subcells belonging

to the subdivision T k
ωi

, and called sub-mean values. In order to reach a global description of subcells and
related operators, with concise notations, we gather the local subcells partitions and define the associated
global approximation space as follows:

T̃h :=
⋃

ω∈Th

T k
ω , P0(T̃h) := ×

ω∈Th

P0(T k
ω ).

The global projector onto P0(T̃h), obtained by gathering the local ones πk
i , is denoted by πk

h. Note that πk
h can

be extended to larger functional spaces (typically Hs(R), s > 1 + d/2 for the initial data, and C∞
b (R) for the

bathymetry) and denoted π̃k
h. In what follows, piecewise-constant functions belonging to P0(T̃h) are denoted

with an overline ¯ and a subscript h, and for any vh ∈ P0(T̃h), and for all Si
m ∈ T̃h, we obviously have the

identity vi
m = vh|Si

m
.

Remark 2.5. It can be shown that πk
i : Pk(ωi) → P0(T k

ωi
) is one-to-one and onto. For implementation

purpose, the associated local transformation matrix Pi =
(
πi

m,p

)
(m,p)∈J1, k+1K2 is defined as:

πi
m,p = 1

|Si
m|

∫
Si

m

ψi
pdx, ∀ (m, p) ∈ J1, k + 1K2, (9)

and we have the transformation relations:

Pi v
i = vi and P−1

i vi = vi. (10)

Figure 3: Piecewise polynomial function vi
h and associated sub-mean values

Time discretization and time-marching algorithm.

For a given final time T > 0, we also introduce a general partition of the time domain 0 =: t0 < t1 < · · · <
tn < · · · < tN := T , and the adaptative time step ∆tn ∈ R+ such that, for any n ≥ 0, tn+1 = tn + ∆tn. Time
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integration may be carried out using explicit Strong Stability Preserving Runge-Kutta schemes [35].

Introducing time-stepping algorithm leads to introduce some new time-related notations, with vn
h := vh(·, tn)

and vn
h := πk

h ◦ vn
h =: (ηn

h, q
n
h) being the corresponding piecewise-constant function defined on the sub-mesh. We

also denote by
vi,n := {vi,n

m , 1 ≤ m ≤ k + 1},
the collection of sub-mean values associated with ωi at time tn and we obviously have vi,n

m = vn
h|Si

m
. Note that

when no confusions are possible, the superscripts i (cell-related) and n (time-related) may be suppressed, for
the sake of simplicity. Then, considering the semi-discrete formulation written in operator form

∂tvh + Nh(vh) = 0,

where Nh stands for the nonlinear operator allowing to compute the approximated residuals, and considering for
instance the third-order SSP-RK scheme, we advance from time level n to (n+ 1) with the third-order explicit
scheme as follows:

vn,1
h = vn

h − ∆tnNh(vn
h),

vn,2
h = 1

4(3vn
h + vn,1

h ) − ∆tn

4 Nh(vn,1
h ),

vn+1
h = 1

3(vn
h + 2vn,2

h ) − ∆tn

3 Nh(vn,2
h ),

where vn,1
h and vn,2

h are the solution obtained at intermediate stages, and the initial data v0
h is yet to be defined

(see §4.1 and the consistency with the bathymetry variations approximation). As our monolithic scheme both
uses DG schemes on primal cells ωi ∈ Th and FV schemes on subcells Si

m ∈ Tω, the time step ∆tn is computed
adaptively using the following CFL condition:

∆tn :=
min

ωi∈Th

(
hi

2k + 1 , min
Si

m∈T k
ωi

|Si
m|

)
σ

, σ := max
ωi∈Th

max
m∈ J1, k+1K

(∣∣ui
m

∣∣+
√

gHi

m

)
. (11)

3. Local subcell monolithic DG/FV for homogeneous system
Looking at the homogeneous NSW equations, we observe that the flux definition may be simplified as follows:

H +
b ∋ v 7→ F(v) :=

(
q, uq + gH2

2

)t

∈ R2.

3.1. A hierarchy of numerical fluxes
In what follows, we manipulate a collection of various numerical fluxes defined on mesh or sub-mesh interfaces
that we find useful to gather their definitions in one place, for further referencing:

♯ the global Lax-Friedrichs (LF) flux is used throughout this work and is defined as follows:

(H +
b )2 ∋ (vl,vr) 7→ F(vl,vr) := 1

2 (F(vr) + F(vl) − σ(vr − vl)) .

Let us emphasize that any other consistent and positive numerical fluxes, including the local LF, the
HHL / HLLC or kinetic-based fluxes, may be used.

♯ the lowest-order subcell FV fluxes
{
F

FV}
m∈J1,kK: these first-order fluxes may only be evaluated at the

interfaces between neighboring subcells, within a mesh element, and are given by

F
FV
m+ 1

2
:= F(vm,vm+1) , F

FV
m− 1

2
:= F(vm−1,vm) ,

♯ the higher-order DG fluxes F
DG
i± 1

2
: these fluxes may only be evaluated at the interfaces between two

neighboring mesh elements as follows:

F
DG
i± 1

2
:= F

(
v−

i± 1
2
,v+

i± 1
2

)
,

where v±
i± 1

2
are the left and right traces of (polynomial) vh at mesh interface i+ 1

2 ,
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♯ the reconstructed subcell fluxes
{

F̂i
m+ 1

2

}
m∈J0,k+1K

: these fluxes are introduced below within the equiva-

lency formulation (15) and aim at locally mimicking the behavior of an "in-cell" FV scheme, giving exactly
and equivalently the DG approximated solution, and are defined as follows:

F̂i
m+ 1

2
= Fi

h(x̃i
m+ 1

2
) − C

i− 1
2

m+ 1
2

(
Fi

h(xi− 1
2
) − F

DG
i− 1

2

)
− C

i+ 1
2

m+ 1
2

(
Fi

h(xi+ 1
2
) − F

DG
i+ 1

2

)
, (12)

where the coefficients Ci± 1
2

m+ 1
2

are explicitly given in [81], and Fi
h := pk

i ◦ F(vi
h) corresponds to the L2

projection of the interior flux,

♯ the blended subcell fluxes
{

F̃i
m+ 1

2

}
m∈J0,k+1K

: these fluxes are defined as convex combinations of the lowest-

order subcell FV fluxes F
FV and the reconstructed subcell fluxes F̂i

m+ 1
2
. For ωi = [xi− 1

2
, xi+ 1

2
] ∈ Th, we

introduce:

F̃i
m+ 1

2
:= F

FV
m+ 1

2
+ Θm+ 1

2

(
F̂i

m+ 1
2

− F
FV
m+ 1

2

)
,

with Θ
m+ 1

2
∈ [0, 1]. The computation of such blended coefficients to ensure different desired properties is

detailed below.

3.2. DG and subcell reformulation
We recall, see for instance [40], that a straightforward semi-discrete global DG approximation for the homoge-
neous NSW equations may read as follows: find vh := (ηh, qh) ∈ (Pk(Th))2 such that, for all φ ∈ Pk(Th):∑

ωi∈Th

∫
ωi

∂tvhφ dx−
∑

ωi∈Th

∫
ωi

F(vh)∂xφ dx+
∑

ωi∈Th

[
φF

DG]i+
1
2

i− 1
2

= 0, (13)

which locally translates as: for all ωi ∈ Th, find vi
h := (ηi

h, q
i
h) ∈ (Pk(ωi))2 such that, for all φ ∈ Pk(ωi)∫

ωi

∂tvi
hφ dx−

∫
ωi

F(vi
h)∂xφ dx+

[
φF

DG]i+
1
2

i− 1
2

= 0. (14)

We also recall an essential result of [81], which states the equivalence between DG and a FV-like formulation
on the sub-mesh:

Proposition 3.1. For any given ωi ∈ Th, the local DG formulation (14) can be equivalently written as a
FV-like scheme defined on the sub-mesh, as follows:

∂tvi
m = − 1

|Si
m|

(
F̂i

m+ 1
2

− F̂i
m− 1

2

)
, ∀m ∈ J1, k + 1K, (15)

where the reconstructed fluxes F̂i
m± 1

2
are defined in (12) and vi

m := (πk
i ◦ vi

h)|Si
m

.

Relying on the general formulation (13) and the equivalent local translation at the subcell level (15), and in
the spirit of [40], we aim at building some robust numerical fluxes, at the subcell level, in order to enforce some
nonlinear stability properties.

3.3. Local subcell monolithic method and blending coefficients
The main idea of the local subcell monolithic method is to substitute the blended fluxes for the reconstructed
fluxes into the local subcell formulations (15), in order to provide some subcell scale flexibility to enforce non-
linear stability properties through suitable and adaptive computations of the local blending coefficients Θ

m+ 1
2
.

Applying a first-order time-stepping algorithm for the sake of simplicity (any higher-order SSP-RK method may
be used as well), we thus consider the local subcell monolithic formulations:

vi,n+1
m = vi,n

m − ∆tn

|Si
m|

(
F̃i

m+ 1
2

− F̃i
m− 1

2

)
, ∀m ∈ J1, k + 1K, ∀i ∈ J1, nelK, (16)
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which is of course also conservative at the subcell level, and we are left with the computation of the blending
coefficient {Θm+ 1

2
}m∈J0,k+1K. To achieve this, let us have a look first to the lowest-order scheme, obtained by

uniformly setting Θ
m+ 1

2
= 0:

vi,n+1
m = vi,n

m − ∆tn

|Si
m|

(
F

FV
m+ 1

2
− F

FV
m− 1

2

)
, ∀m ∈ J1, k + 1K, ∀i ∈ J1, nelK, (17)

and observe that (17) may be seen as a convex combination of flow-states defined at time-step n, as follows:

vn+1
m =

(
1 − 2∆tn

|Sm|
σ

)
vn

m + σ∆tn

|Sm|
v∗,−

m+ 1
2

+ σ∆tn

|Sm|
v∗,+

m+ 1
2
.

These v∗,±
m+ 1

2
are called lowest-order intermediate Riemann flow-states, and writes as follows

v∗,±
m∓ 1

2
:= vn

m ±
F

FV,±
m∓ 1

2
− F(vn

m)
σ

.

Finally, it can be proved that v∗,±
m∓ 1

2
∈ H +

b , providing the CFL-like condition (11), see Appendix A.

Now, considering the case of higher-order blended fluxes, we observe in a similar way that (16) may be written
as a combination of intermediate states defined at time-step n, as follows:

vn+1
m =

(
1 − 2∆tn

|Sm|
σ

)
vn

m + σ∆tn

|Sm|
ṽ∗,−

m+ 1
2

+ σ∆tn

|Sm|
ṽ∗,+

m+ 1
2
, (18)

where the new blended intermediate Riemann states ṽ∗,±
m+ 1

2
are defined as follows:

ṽ∗,±
m+ 1

2
:= v∗,±

m+ 1
2

± Θm+ 1
2

 F̂
m+ 1

2
− F

FV
m+ 1

2

σ

 . (19)

Hence, it is enough to sought the blended-coefficient values Θm+ 1
2

such that the required convex properties are
enforced on the blended states ṽ∗,±

m+ 1
2
.

Similarly to what has been previously done in the a posteriori context, [40, 80], we seek to:

♯ enforce a local maximum principle in the vicinity of singularities for the NSW equations, at the discrete
subcell scale, in order to prevent the occurrence of spurious oscillations when discontinuities appear:
an adaptive Numerical Admissibility Detection (NAD) may be applied at the subcell level - hence, the
SubNAD naming of this sensor,

♯ ensure that the updated water-height remains non-negative at each time-step - or sub-step for RK time-
stepping, and at the subcell level. This property, referred to as Physical Admissibility Detection (PAD),
should be enforced while taking into account the bathymetry variations and is therefore temporarily
postponed to the next section.

Subcell Numerical Admissibility Detection (subNAD)

We impose the updated sub-mean values to be bounded in a suitable local subset of the sub-mean values at
previous time step (or previous sub-step for higher-order RK time-stepping). We also add the intermediate
lowest-order states in this subset, and we aim at enforcing that, for m ∈ J1, k + 1K:

min
(

vi,n
m−1,vi,n

m ,vi,n
m+1,v

∗,+
m− 1

2
,v∗,−

m+ 1
2

)
≤ vi,n+1

m ≤ max
(

vi,n
m−1,vi,n

m ,vi,n
m+1,v

∗,+
m− 1

2
,v∗,−

m+ 1
2

)
, (20)

whith vi,n
0 = vi−1,n

k+1 and vi,n
k+2 = vi+1,n

1 as usual, see Appendix B for more details.

Remark 3.2. This criterion should be supplemented with a relaxation procedure to exclude the smooth extrema
from the troubled cells, i.e. uniformly enforce Θm+ 1

2
= 1 when such an extrema occurred. We use, and refer the

interested reader to, the relaxation procedure proposed and validated in [40,81].
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The following expression of blending coefficient ΘsNAD
m+ 1

2
allows to ensure such a (convex) property:

Proposition 3.3. The local subcell maximum principle (20) is satisfied as soon as the following inequalities
are locally satisfied by the blending coefficients:

Θm+ 1
2

≤ ΘsNAD
m+ 1

2
,

with:

ΘsNAD
m+ 1

2
:= min

1,

∣∣∣∣∣∣ σ

∆F(1)
m+ 1

2

∣∣∣∣∣∣
min

(
βm+1 − η∗,+

m+ 1
2
, η∗,−

m+ 1
2

− αm

)
if ∆F(1)

m+ 1
2
> 0

min
(
βm − η∗,−

m+ 1
2
, η∗,+

m+ 1
2

− αm+1

)
if ∆F(1)

m+ 1
2
< 0

 ,

where ∆F(1)
m+ 1

2
:= F̂(1)

m+ 1
2

−F
FV,(1)

m+ 1
2

stands for the first component of the flux (appearing in the mass-conservation
equation), and dropping ± indices for sake of clarity, with{

αm, βm

}
:=
{

min(ηm−1, ηm, ηm+1, η
∗,+
m− 1

2
, η∗,−

m+ 1
2
), max(ηm−1, ηm, ηm+1, η

∗,+
m− 1

2
, η∗,−

m+ 1
2
)
}
.

Proof. See Appendix B. □

Remark 3.4. We also show in §5, through various numerical evidences, that such a constraint effectively allows
to get rid of most of the spurious oscillations, while accurately preserving the high-order accuracy wherever
needed.

The issue of enforcing the water-height non-negativity deserves to be studied while accounting for the possibly
varying bathymetry and, as a consequence, is temporarily postponed to the next section.

4. Local subcell approximations of source terms
We investigate the issue of the discrete approximation, in the local subcell framework, of the source terms. We
begin with the case of hyperbolic NSW equations with a bathymetry source term and focus on a compatible dis-
cretization with the preservation of motionless steady-states, and the admissibility of the discrete solutions. In a
second time, we introduce a novel combined local subcell monolithic DG/FV and SWIP-DG discrete formulation
in order to extend the discretization to the GN equations.

4.1. Bathymetry source term
Let us consider the following NSW equations with bathymetry source term:

∂tv + ∂xF(v, b) = B[b](v), (21)

where B[b] is defined in Section 2.1. For further use, we introduce the following bathymetry approximations:

bh := π̃k
hb ∈ P0(T̃h) and bh := (πk

h)−1bh ∈ Pk(Th). (22)

A new hierarchy of numerical fluxes and two-scales hydrostatic reconstruction

The occurrence of bathymetry has a global impact on the definition of the numerical fluxes hierarchy previously
introduced in the homogeneous case. To account for the bathymetry variations while preserving the accuracy
and allowing the resulting global scheme to be well-balanced, we have to modify the definition of bothhigh-order
and low-order fluxes composing the so-called blended fluxes. Such a modification is inspired by the hydrostatic
reconstruction initially introduced within FV schemes for NSW equations [4] and extended for the pre-balanced
form in [29,54]. We emphasize that the distinctiveness of the proposed approach is that such a reconstruction has
to be performed not only at the cell scale, but also at the subcell scale, with suitable intermediate reconstructed
states, detailed below:

♯ the global LF numerical flux and bathymetry variations: the chosen interface flux has to account for the
bathymetry variations from cell to cell or subcell to subcell, and is defined as follows:

(H +
b )2 × R ∋ (vl,vr, b) 7→ F(vl,vr, b) := 1

2 (F(vr, b) + F(vl, b) − σ(vr − vl)) , (23)
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♯ modified higher-order DG fluxes F
DG,∓
i± 1

2
and mesh-scale hydrostatic reconstruction: tThe higher-order

fluxes are now designed relying on high-order reconstructed traces of the bathymetry performed at the
mesh scale (i.e. at mesh elements interfaces). Let us define, for any mesh element ωi ∈ Th:

b̂i+ 1
2

:= b̌i+ 1
2

− max(0, b̌i+ 1
2

− η−
i+ 1

2
), b̂i− 1

2
:= b̌i− 1

2
− max(0, b̌i− 1

2
− η+

i− 1
2
),

with

b̌i± 1
2

:= max
(
b−

i± 1
2
, b+

i± 1
2

)
,

and where b±
i± 1

2
:= bi

h(xi± 1
2
) and η±

i± 1
2

:= ηi
h(xi± 1

2
). These reconstructed interface bathymetry values allow

to introduce the following reconstructed water-height traces values:

Ȟ±
i+ 1

2
:= max(0, η±

i+ 1
2

− b̌i+ 1
2
) and Ȟ±

i− 1
2

:= max(0, η±
i− 1

2
− b̌i+ 1

2
),

together with the corresponding reconstructed flow-states v̌±
i± 1

2
, as follows:

η̌±
i+ 1

2
:= Ȟ±

i+ 1
2

+ b̂i+ 1
2

and q̌±
i+ 1

2
:= Ȟ±

i+ 1
2

q±
i+ 1

2

H±
i+ 1

2

,

η̌±
i− 1

2
:= Ȟ±

i− 1
2

+ b̂i− 1
2

and q̌±
i− 1

2
:= Ȟ±

i− 1
2

q±
i− 1

2

H±
i− 1

2

.

Using these reconstructed flow-states, some new high-order interface fluxes are defined:

F
DG,−
i+ 1

2
:= F

(
v̌−

i+ 1
2
, v̌+

i+ 1
2
, b̂i+ 1

2

)
+
(

0
gη̌−

i+ 1
2

(
b̂i+ 1

2
− b−

i+ 1
2
)
))

, (24)

F
DG,+
i− 1

2
:= F

(
v̌−

i− 1
2
, v̌+

i− 1
2
, b̂i− 1

2

)
+
(

0
gη̌+

i− 1
2

(
b̂i− 1

2
− b+

i− 1
2
)
))

. (25)

♯ modified lowest-order subcell FV fluxes
{
F

FV,±}
m∈J1,kK and subcell-scale hydrostatic reconstruction: the

lowest-order fluxes are now defined relying on reconstructed mean values of the bathymetry performed at
the subcell scale (i.e. at subells interfaces). Let us define, for any subcell Sm:

bm− 1
2

:= max
(
bm−1, bm

)
, bm+ 1

2
:= max

(
bm, bm+1

)
,

together with corresponding reconstructed values for the water-height as follows:

H̄±
m := max(0, η̄m − bm± 1

2
).

Then, for this given subcell, let us define the three intermediate reconstructed values for the bathymetry

b
−
m+1 := bm+ 1

2
− max(0, bm+ 1

2
− η̄m),

b
±
m := bm± 1

2
− max(0, bm± 1

2
− η̄m),

b
+
m−1 := bm− 1

2
− max(0, bm− 1

2
− η̄m),

that we assemble with the corresponding three intermediate neighboring reconstructed sub-mean flow-
states v−

m−1,v+
m,v−

m+1 defined from reconstructed surface elevation and water-height as follows:

η̄−
m+1 := H̄−

m+1 + b
−
m+1, η̄±

m := H̄±
m + b

±
m, η̄+

m−1 := H̄+
m−1 + b

+
m−1.

The resulting lowest-order fluxes defined upon these reconstructed states are given below:

F
FV,−
m+ 1

2
:= F

(
v+

m,v−
m+1, b

+
m

)
+
(

0
gη+

m

(
b

+
m − bh(x̃m+ 1

2
)
))

,

F
FV,+
m− 1

2
:= F

(
v+

m−1,v−
m, b

−
m

)
+
(

0
gη−

m

(
b

−
m − bh(x̃m− 1

2
)
))

.
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♯ new reconstructed subcell fluxes
{

F̂i,±
m+ 1

2

}
m∈J0,k+1K

: still locally mimicking the behavior of an "in-cell" FV
scheme, we obtain the following new expressions for the reconstructed subcell fluxes:

F̂i,−
m+ 1

2
:= Fh(x̃i

m+ 1
2
) − C

i− 1
2

m+ 1
2

(
Fh(xi− 1

2
) − F

DG,+
i− 1

2

)
− C

i+ 1
2

m+ 1
2

(
Fh(xi+ 1

2
) − F

DG,-
i+ 1

2

)
, (26)

F̂i,+
m− 1

2
:= Fh(x̃i

m− 1
2
) − C

i− 1
2

m− 1
2

(
Fh(xi− 1

2
) − F

DG,+
i− 1

2

)
− C

i+ 1
2

m− 1
2

(
Fh(xi+ 1

2
) − F

DG,-
i+ 1

2

)
. (27)

♯ new blended subcell fluxes
{

F̃i,±
m+ 1

2

}
m∈J0,k+1K

: the blended fluxes are naturally introduced as:

F̃i,−
m+ 1

2
:= F

FV,−
m+ 1

2
+ Θm+ 1

2

(
F̂i,−

m+ 1
2

− F
FV,−
m+ 1

2

)
, (28)

F̃i,+
m− 1

2
:= F

FV,+
m− 1

2
+ Θm− 1

2

(
F̂i,+

m− 1
2

− F
FV,+
m− 1

2

)
. (29)

DG subcell reformulation and monolithic approximation

In order to enforce the well-balancing property for the important class of motionless steady-state solutions, we
initially consider the following DG formulation for the NSW equations with bathymetry source term, which
relies on the modified high-order fluxes (24): for all ωi ∈ Th, find vi

h(·, t) := (ηi
h, q

i
h) ∈ (Pk(ωi))2 such that, for

all φ ∈ Pk(ωi): ∫
ωi

∂tvi
hφ dx−

∫
ωi

Fh∂xφ dx+
[
φF

DG,∓]i+
1
2

i− 1
2

=
∫

ωi

φBh dx, (30)

with interface fluxes shortcut defined as:[
φF

DG,∓]i+
1
2

i− 1
2

:= φ|x
i+ 1

2
F

DG,−
i+ 1

2
− φ|x

i− 1
2
F

DG,+
i− 1

2
,

and
Fh := pk

h ◦ F(vh, bh), Bh := pk
h ◦ B[bh](vh).

Let us also define Bh := πk
hBh, piecewise constant function associated with the mean-values of Bh on the

sub-mesh. Interestingly, such a local modified formulation is still equivalent with a FV-like formulation on the
sub-mesh, with a source term computed at the sub-mesh scale:

Proposition 4.1. For all ωi ∈ Th, the local DG formulation (30) can be equivalently written as a FV-like
scheme defined on the sub-mesh as follows:

∂tvi
m = − 1

|Si
m|

(
F̂i,−

m+ 1
2

− F̂i,+
m− 1

2

)
+ Bi

m, ∀m ∈ J1, k + 1K, (31)

where Bi

m = Bh|Si
m

and the reconstructed fluxes are defined in (26)-(27).

Proof. The proof mainly relies on the definition and use of the so-called sub-resolution basis functions, which
are nothing but the L2 projection of the subcell-indicator functions, i.e. pk

i ◦ 1i
m, [40, 80]. □

As in the homogeneous case, the quest for non-linear stability leads to the introduction of a new local sub-
cell FV/DG monolithic approximation, written with a simple first-order time-stepping scheme for the sake of
simplicity:

vi,n+1
m = vi,n

m − ∆tn

|Si
m|

(
F̃i,−

m+ 1
2

− F̃i,+
m− 1

2

)
+ Bi

m, ∀m ∈ J1, k + 1K, ∀i ∈ J1, nelK, (32)

where the new blended fluxes F̃i,±
m± 1

2
are defined in (28). Non-linear stability therefore relies on the definition of

suitable blended coefficients.
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Blended coefficients and water-height non-negativity

An admissible approximate solution is defined with respect to the non-negativity of the sub-mean values:

Definition 4.2. For any discrete time n ≥ 0, we say that an approximate state vh(·, tn) ∈ (Pk(Th))2, or
equivalently vn

h := πk
h ◦ vh(·, tn) ∈ (P0(T̃h))2, is admissible if vi,n

m is such that ηi,n
m − b

i

m ≥ 0, for all ωi ∈ Th

and for all Si
m ∈ T k

ωi
, i.e. vi,n

m ∈ H +
b

i

m

:

A definition of uniquely defined interface-related blending coefficients ΘH+

m+ 1
2

that ensures the preservation of
water-height non-negativity is provided below:

Proposition 4.3. Let us consider (32) and assume that vn
h is admissible, that ∆tn satisfies the CFL-like

condition (11) and that the blended-coefficient occurring in (28) satisfies:

Θm+ 1
2

≤ ΘH+

m+ 1
2

:= min
(

ΘH+,−
m+ 1

2
,ΘH+,+

m+ 1
2

)
, (33)

with

ΘH+,−
m+ 1

2
≤


σ
(
η∗,−

m+ 1
2

− bm

)
∆F(1),−

m+ 1
2

if ∆F(1),−
m+ 1

2
> 0,

1 else,

ΘH+,+
m+ 1

2
≤


σ
(
bm+1 − η∗,+

m+ 1
2

)
∆F(1),+

m+ 1
2

if ∆F(1),+
m+ 1

2
< 0,

1 else,

where we set ∆F(1),±
m+ 1

2
:= F̂±,(1)

m+ 1
2

− F
FV,±,(1)

m+ 1
2

. Then vn+1
h is admissible.

Proof. The proof is quite similar to the one of Proposition 3.3, ensuring that the inequalities

η∗,−
m+ 1

2
−

F̂−,(1)
m+ 1

2
− F

FV,−,(1)

m+ 1
2

σ
≥ bm and η∗,+

m+ 1
2

+
F̂+,(1)

m+ 1
2

− F
FV,+,(1)

m+ 1
2

σ
≥ bm+1,

are uniformly satisfied. Let us remark that this is ensured only if the 1st-order Riemann intermediate states
are also preserving water-height positivity at the discrete level, i.e. if η∗,−

m+ 1
2

≥ bm and η∗,+
m+ 1

2
≥ bm+1, which is

demonstrated in Appendix A. □

Remark 4.4. In practice, one set Θm+ 1
2

:= min
(

ΘH+

m+ 1
2
,ΘsNAD

m+ 1
2

)
to ensure both water-height non-negativity

and control of oscillations near singularities for the NSW equations.

Consistency between source term and initial-data approximations

After Proposition 4.3, it appears that the approximate initial-data v0
h has to be admissible in order to initiate

a sequence of admissible approximate states, relying on the suitable CFL-condition and blended-coefficients.
Hence, starting from some physical or idealized (analytical) initial-condition v0 := (η0, q0) and bathymetry
parameterization b such that η0 − b ≥ 0, we observe that π̃k

h(η0 − b) ≥ 0, hence v0
h := π̃k

hv0 is admissible. In
an equivalent way, we also have that v0

h := (πk
h)−1v0

h is admissible. From this last formula, we observe that the
initial approximate surface-elevation has to be defined is a consistent way with the previous definition of the
approximate bathymetry:

η0
h := (πk

h)−1π̃k
hη

0 − bh. (34)

Let us also emphasize that when initializing with some data corresponding to a motionless steady-state vh =
(ηh, qh) := (ηe, 0), then F(vh, bh) belongs to (Pk(Th))2 and as a consequence, we have:

Fh := pk
h ◦ F(vh, bh) = F(vh, bh).

In a similar way, we also have Bh := B[bh](vh).
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Motionless steady-states preservation

Proposition 4.5. The discrete formulation (32) preserves the motionless steady states:

∀n ∈ N, (ηn
h = ηe and qn

h = 0) =⇒
(
ηn+1

h = ηe and qn+1
h = 0

)
.

Proof. Let us rewrite the FV-like scheme as follows:

vi,n+1
m = vi,n

m − ∆tn

|Si
m|

(Fi,n,−
m+ 1

2
+ Θi,n

m+ 1
2

(
F̂i,n,−

m+ 1
2

− F
i,n,−
m+ 1

2

)
−

F
i,n,+
m− 1

2
+ Θi,n

m− 1
2

(
F̂i,n,+

m− 1
2

− F
i,n,+
m− 1

2

)
) + ∆tnBi,n

m . (35)

If one considers the case Θi,n

m+ 1
2

= Θi,n

m− 1
2

= 1, then the monolithic scheme is equivalent to a DG scheme in its
subcell formulation:

vi,n+1
m = vi,n

m − ∆tn

|Si
m|

(
F̂i,n

m+ 1
2

− F̂i,n

m− 1
2

)
+ ∆tnBi

m.

Dropping the (i, n) superscripts for clarity, at the cell scale and at steady-state, the following identities are
satisfied:

η+
i± 1

2
= η−

i± 1
2

= ηe, q+
i± 1

2
= q−

i± 1
2

= 0, b+
i± 1

2
= b−

i± 1
2
.

Then the high-order numerical flux on cells F
DG,± verifies

F
DG,∓
i± 1

2
= F

(
vh(xi± 1

2
), bh(xi± 1

2
)
)
,

such that

F̂∓
m± 1

2
= F

(
vh(x̃m± 1

2
), bh(x̃m± 1

2
)
)
.

Consequently we get:

F̂−
m+ 1

2
− F̂+

m− 1
2

=
∫

Sm

∂xF (vh, bh) dx,

and we finally have

vi,n+1
m = vi,n

m − ∆tn

|Si
m|

∫
Si

m

∂xF (vh, bh) dx+ ∆tn

|Si
m|

∫
Si

m

B(vh, ∂xbh) dx = vi,n
m .

If we consider the first-order case, i.e. Θi,n

m+ 1
2

= Θi,n

m− 1
2

= 0, we get the following first-order scheme with subcell
FV fluxes:

vi,n+1
m = vi,n

m − ∆tn

|Si
m|

(
F

i,n,−
m+ 1

2
− F

i,n,+
m− 1

2

)
+ ∆tnBi

m.

At the subcell scale, we also have at steady state: η+
m = η−

m+1 = ηe and q+
m = q−

m+1 = 0, leading to

F
(

v+
m,v−

m+1, b
+
m

)
= 1

2

(
F
(

v+
m, b

+
m

)
+ F

(
v−

m+1, b
+
m

))
− σ

2
(
v−

m+1 − v+
m

)
= 1

2

(
F
(

v+
m, b

+
m

)
+ F

(
v−

m+1, b
+
m

))
= 1

2

(
0

g
(

(ηe)2 − 2ηeb
+
m

))
,

and then to:

F
−
m+ 1

2
= 1

2

(
0

g
(

(ηe)2 − 2ηeb
+
m

))+
(

0
gη+

m

(
b

+
m − 2ηebh(x̃m+ 1

2
)
)) = 1

2

(
0

g
(

(ηe)2 − 2ηebh(x̃m+ 1
2
)
))

= F
(

vh(x̃m+ 1
2
), bh(x̃m+ 1

2
)
)
,
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and in a similar way

F
+
m− 1

2
= F

(
vh(x̃m− 1

2
), bh(x̃m− 1

2
)
)
.

It is then easy to see, as previously, that the fluxes are cancelling the source term exactly:

vi,n+1
m = vi,n

m − ∆tn

|Si
m|

∫
Si

m

∂xF (vh, bh) dx+ ∆tn

|Si
m|

∫
Si

m

B(vh, ∂xbh) dx = vi,n
m .

If we now consider the more general case where
(

Θi,n

m− 1
2
,Θi,n

m+ 1
2

)
∈ [0, 1]2, the following identities are still

satisfied: 
F

i,n,∓
m± 1

2
= F

(
vh(x̃m± 1

2
), bh(x̃m± 1

2
)
)
,

F̂i,n,∓
m± 1

2
= F

(
vh(x̃m± 1

2
), bh(x̃m± 1

2
)
)
.

leading to F̂i,n,∓
m± 1

2
= F

i,n,∓
m± 1

2
at steady-state. We finally get

vi,n+1
m = vi,n

m − ∆tn

|Si
m|

(
F

i,n,−
m+ 1

2
− F

i,n,+
m− 1

2
+ Θi,n

m+ 1
2

(
F̂i,n,−

m+ 1
2

− F
i,n,−
m+ 1

2

)
− Θi,n

m− 1
2

(
F̂i,n,+

m− 1
2

− F
i,n,+
m− 1

2

))
+ ∆tnBi,n

m

= vi,n
m − ∆tn

|Si
m|

(
F
(

vh(x̃m+ 1
2
), bh(x̃m+ 1

2
)
)

− F
(

vh(x̃m− 1
2
), bh(x̃m− 1

2
)
))

+ ∆tnBi,n

m

= vi,n
m − ∆tn

|Si
m|

∫
Si

m

∂xF (vh, bh) dx+ ∆tn

|Si
m|

∫
Si

m

B(vh, ∂xbh) dx

= vi,n
m .

□

4.2. Higher-order differential source terms and weakly dispersive models
Let us consider the GN equations (4)-(6):

∂tv + ∂xF(v, b) = B[b](v) + D[H](v,Λ), (36)
L[H, b]Λ = Q[H, b](v), (37)

where D is defined in (5), L[H, b] and Q[H, b](v) respectively in (7) and (3). As previously recalled, several
weakly-dispersive shallow water model may fall in this formalism and we focus on the GN equations as an
example. The initial DG formulation associated with (36)-(37) reads as follows: find (vh,Λh) ∈ (Pk(Th))3 such
that for all (ϕ, φ) ∈ (Pk(Th))2,∑

ωi∈Th

∫
ωi

∂tvhφ dx =
∑

ωi∈Th

(∫
ωi

Fh∂xφ dx−
[
φF

DG,∓]i+
1
2

i− 1
2

+
∫

ωi

Bhφ dx+
∫

ωi

pk
i ◦ D[Hh](vh,Λh)φ dx

)
,

(38)

Lh(Λh, ϕ) =
∑

ωi∈Th

∫
ωi

Qh(vh)ϕ dx, (39)

where the definition of the discrete bilinear form Lh, which is consistent with L[H, b], symmetric and coercive
(providing that some penalty coefficient is large enough) and the computation of Qh, discrete counterpart
of Q[H, b](v), are directly borrowed from [86]. We emphasize that the regularizing effect of the operator
L[H, b] allows to consider some (possibly non-conforming) high-order methods to approximate the solution of
such an elliptic problem, and expect to observe some high-order convergence. We also highlight that from a
numerical viewpoint, the discrete bilinear form (Pk(Th))2 ∋ (ϕh, ψh) 7→ Lh(ϕh, ψh) introduced in [86] may
be regarded as an Interior Penalty discontinuous Galerkin (SIP-DG) method, designed for some heterogeneous
and discontinuous coefficients, and taking advantages of the particular structure of the underlying operator
(1 + T[H, b]). The resulting formulation belongs to the family of Symmetric Weighted IP (SWIP) methods
and is recalled in Appendix C. The computation of Qh is performed using an integration-collocation method,
see [22] for the complete description, which is not recalled here.
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A combined local subcell monolithic DG/FV - SWIP-DG method

Following the lines of the previous sections, one can show that the high-order DG method (38) associated with
a first-order time-marching method, is equivalent to the following "in-cell" FV-like scheme: find (vn+1

h ,Λn
h) ∈

(P0(T̃h))2 × Pk(Th) such that

vi,n+1
m = vi,n

m − ∆tn

|Si
m|

(
F̂i,−

m+ 1
2

− F̂i,+
m− 1

2

)
+ ∆tn

(
Bi

m + Di

m

)
, ∀ωi ∈ Th, ∀m ∈ J1, k + 1K, (40)

Di

m := Di

h|Si
m
, with Di

h := πk
i ◦ pk

i ◦ D[Hn
h ](vn

h,Λn
h)|ωi

, ∀ωi ∈ Th, ∀m ∈ J1, k + 1K, (41)

Lh(Λn
h, ϕ) =

∑
ωi∈Th

∫
ωi

Qh(vn
h)ϕ dx, ∀ϕ ∈ Pk(Th), (42)

where the reconstructed fluxes
{

F̂i,∓
m± 1

2

}
m∈J0,k+1K

are still defined as before.

From this, it is of course natural to introduce a new combined local subcell monolithic DG/FV - SWIP-DG
fully-discrete counterpart of (40)-(41)-(42), as follows: find (vn+1

h ,Λn
h) ∈ (P0(T̃h))2 × Pk(Th) such that

vi,n+1
m = vi,n

m − ∆tn

|Si
m|

(
F̃i,−

m+ 1
2

− F̃i,+
m− 1

2

)
+ ∆tn

(
Bi

m + Di

m

)
, ∀ωi ∈ Th, ∀m ∈ J1, k + 1K, (43)

supplemented with (41)-(42) where the blended fluxes
{

F̃i,∓
m± 1

2

}
m∈J0,k+1K

, and the associated blended coefficients
are still defined as above.

Remark 4.6. From a practical viewpoint, let us consider a "classical" DG numerical implementation in which,
for any given mesh element ωi, the dispersive contributions to the residuals in the momentum balance law (38)

DΨi
h :=

(∫
ωi

Di
hψ

i
j dx

)
j∈J1,k+1K

∈ Rk+1

are available. Then, we have the following identity:

Di

h = PiM
−1
i DΨi

h,

where Pi is the projection matrix introduced in Remark 2.5 and Mi is the mass-matrix associated with the
element ωi and the set of basis function (8).

Remark 4.7. Several properties, including the preservation of the water-height non-negativity and the preser-
vation of motionless steady-states, are straightforwardly inherited from the discretization of the NSW equations.
In particular, the dispersive contributions to the momentum balance equation vanishes with respect to the ve-
locity, making the preservation of the steady-states directly related to the well-posedness of the discrete elliptic
problems Lh(Λn

h, ϕ) = 0. We refer the interested reader to [57].

5. Numerical validations
In the following, we apply the local subcell monolithic DG/FV methods of the previous section to several
examples which aim at validating various assets of the proposed approximation method, involving the hyperbolic
NSW equations (32), and also the dispersive GN shallow-water equations (40)-(41)-(42) for the last two tests.
If not stated otherwise, we define the blended fluxes according to Remark (4.4). We recall that globally setting
Θ = 1 in (28) allows to recover the classical DG method.

5.1. Smooth sinusoidal solutions
Periodic solution

Simulation parameters.

Computational domain: Ω = [0, 1]
Number of cells: nel = 50 cells
Boundary conditions: periodic

Polynomial degree: k = 1, 2, 3
Time-marching order : p = 3
Final time: tmax = 0.3, 0.6 sec
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The goal of this first test is the assessment of some convergence properties in L2-norm of the proposed monolithic
DG-FV scheme. We follow the lines of [83] and [40] to generate a family of smooth solutions for the homogeneous
NSW equations, considering the following initial data:

η0 = u2
0

4g and q0 = u3
0

4g ,

where the initial constant velocity is defined as follows:

u0(x) := 1 + 0.1 sin(2πx).

We compute the time-evolution of this initial profile up to tmax = 0.6 s and we compare the adequacy between
the numerical results and the corresponding exact solution for increasing approximating polynomial’s degrees.
As an example, a snapshot of the free-surface elevation is shown on Fig. 4 (left) for k = 3 .

0.0 0.2 0.4 0.6 0.8 1.0
x(m)

0.022

0.024

0.026

0.028

0.030

η
(m

)

Monolithic DG-FV (SubNAD + PAD)

Analytical

k 1 2 3

h Eη
L2 rη

L2 Eη
L2 rη

L2 Eη
L2 rη

L2

0.025 6.11E-6 2.03 1.49E-7 3.01 2.57E-9 3.98

0.012 1.47E-6 2.01 1.77E-8 3.00 1.56E-10 4.01

0.009 3.64E-7 2.01 5.09E-9 3.00 3.05E-11 4.00

0.006 1.64E-7 − 2.10E-9 − 9.60E-12 −

Figure 4: Test 1 - Periodic sinusoidal solution - Free-surface elevation at tf = 0.3 s for k = 3 (left) and L2-errors
between numerical and exact solutions with associated convergence rates for η.

We also compute the global L2-errors for the free-surface elevation η for increasing polynomial’s degree and
increasingly refined meshes. These errors are gathered in the Table associated with Fig. 4 (right) and we deduce
the related numerical convergence-rates, which scale as O(k + 1). Although not shown here, similar behaviors
are observed for the approximation of the horizontal discharge q.

With a dry area

Simulation parameters.

Computational domain: Ω = [0, 1]
Number of cells: nel = 10 cells
Boundary conditions: homogeneous Neumann

Polynomial degree: k = 8
Time-marching order : p = 3
Final time: tmax = 0.09 sec

In order to investigate the discrete preservation of the water-height positivity, and following a similar process,
we consider the initial velocity profile:

u0(x) :=


2 if x ≤ 1

4 ,

1 + sin(2πx) if x ∈
[ 1

4 ,
3
4
]
,

0 else.

The computation is performed for a very high polynomial degree (k = 8) and a very coarse mesh (nel = 10) up to
tmax = 0.09 s and we show the corresponding free-surface on Fig. 5 (left), with a zoom on the wet-dry transition
(right). Note that the vertical light-grey lines help to visualize the mesh cells boundaries, while the blue-dots are
associated with subcell mean-values inside the mesh cells (we recall that the subcells spatial distribution is not
uniform for accuracy issues). This second situation highlights a highly enjoyable robustness property, even with
the use of a very low grid-resolution and a high-order polynomial approximation, a combination that is generally
prone to oscillations and fast propagating instabilities. We also observe an accurate front propagation’s speed
as emphasized by the visual comparison with the corresponding exact solution.
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Figure 5: Test 1 - Sinusoidal solution on dry bed - Free surface elevation computed at tmax = 0.09 s for k = 8
and nel = 10 (left), with a zoom on the wet-dry transition (right).

5.2. Dam-breaks
Shock-waves generation and propagation are unavoidable benchmarks for any nonlinear hyperbolic model and
in the context of shallow-water equations, we particularly focus on the efficiency of the proposed stabilization
mechanisms for higher-order approximations of bore propagation (relaxed subNAD), and the robustness in the
vicinity of the wet-dry interface when the dam-break simulation involves the flooding of initially dry areas
(PAD).

Dam-break with uniformly wet-bed

Simulation parameters.

Computational domain: Ω = [0, 1]
Number of cells: nel = 50, 10 cells
Boundary conditions: homogeneous Neumann

Polynomial degree: k = 3, 9
Time-marching order : p = 3
Final time: tmax = 0.075 sec

We now shed our attention to the following initial data:

η0(x) =
{

1 if x ≤ 0.5,
0.5 else,

q0 = 0, b = 0,

in order to assess the ability of our method to handle discontinuities with very high-order polynomial approx-
imations in a robust and stable way. We performed an extensive collection of computations involving various
combinations of polynomial degrees and mesh refinements and we choose to show the numerical results asso-
ciated with the following two combinations: k = 3 / nel = 50, and k = 9 / nel = 10 and the corresponding
free-surface profiles on Fig. 6 (note that the light-grey vertical lines are only plotted for the second combination
nel = 10 for readability purpose). We observe a very sharp resolution of the discontinuities in both cases, and we
emphasize that the shock-wave and the rarefaction-fan are respectively very accurately captured in the middle
of only one large mesh element for the second configuration, thanks to the subcell resolution of the method. Of
course, we recall that the standard DG methods with high-order elements will not lead to any kind of suitable
approximation, since over and undershoots are quickly amplified and the simulations aborted.

Dam-break with flooding

Simulation parameters.

Computational domain: Ω = [0, 1]
Number of cells: nel = 50 cells
Boundary conditions: homogeneous Neumann

Polynomial degree: k = 3
Time-marching order : p = 3
Final time: tmax = 0.05 sec
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Figure 6: Test 2 - Dam-break - Free surface elevation computed at tmax = 0.075 s for k = 3 / nel = 50 (left)
and k = 9 / nel = 10 (right).

A similar computation is also performed with the following initial condition involving a uniformly dry-area on
the right part of the computational domain:

η0(x) =
{

1 if x ≤ 0.5,
0 else,

q0 = 0, b = 0,

in order to highlight the robustness of the method. We show on Fig. 7 (left) some free-surface elevation
profiles at various discrete times along the interval [0.005 s, 0.05 s], with a zoom (right) highlighting the accurate
resolution of the wet-dry front location.
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Figure 7: Test 2 - Dam-break with flooding - Free surface elevation at various times in the interval [0.005, 0.05],
for k = 3 and nel = 50.

5.3. Preservation of motionless steady-states

Simulation parameters.

Computational domain: Ω = [0, 1000]
Number of cells: nel = 100 cells
Boundary conditions: solid wall

Polynomial degree: k = 3
Time-marching order : p = 1
Final time: tmax = 500 sec

In this third test-case, we focus on the ability of the method to preserve motionless steady states, with possibly
discontinous topography, and for arbitrary approximating polynomial’s degree. We consider the following
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topography profile:

b(x) =


A

(
sin
(

(x− x1) · π
750

))2
if x1 ≤ x < x2,

5 if x2 ≤ x < x3,

0 elsewhere,

with x1 = 125, x2 = 500, x3 = 750 and A = 8.75, combining smooth and discontinuous variations. Two different
initial-data are considered: (i) η0 := 10 (fully immersed bathymetry, see Fig. 8, (ii) η0 := 4 (semi-immersed
bathymetry, see Fig. 9, and q0 := 0 in both cases. We assess an accurate preservation of such motionless
steady-states through the computation of the L2 errors between the resulting free-surface and discharge at
Tf = 500 s and the initial-data. We observe that such errors vanish up to double-precision accuracy for the first
configuration (fully immersed topography).
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Figure 8: Test 3 - Preservation of a motionless steady state (first case) - Free surface elevation computed at
tmax = 500 sec, for k = 3 and nel = 100.
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Figure 9: Test 3 - Preservation of a motionless steady state (second case) - Free surface elevation computed at
tmax = 500 sec, for k = 3 and nel = 100, with a zoom on dry structure.

5.4. Carrier & Greenspan’s solutions
The fourth test-case is devoted to the study of the so-called Carrier & Greenspan solutions for the NSW
equations with varying topography, see [13]. These solutions focus on wave’s behavior on sloping beaches,
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giving access to time histories of specific wave-forms and exhibiting time-evolving wet-dry interfaces over uneven
topography: they are therefore frequently used to assess the ability of numerical methods to compute such
evolutions over larger computational times, as this is a very challenging problem for high-order methods (small
water-heights occur and thus small undershoots may lead to very large relative undershoots).Two solutions
are investigated: the first one involves a transient motion asymptotically converging toward a flat free surface,
settling toward the mean sea-level in a continuous way, while the second one involves periodic oscillations with
free-surface inflexions and velocity reversals at the shoreline. Note that both evolutions are time-driven by the
left non-homogeneous Dirichlet boundary-conditions.

Transient C&G solution

Simulation parameters.

Computational domain: Ω = [−20, 6]
Number of cells: nel = 50, 10 cells
Boundary conditions: Dirichlet (left) & homogeneous
Neumann (right)

Polynomial degree: k = 3, 8
Time-marching order : p = 1
Final time: tmax = 30 sec

In the so-called transient C&G solution, the free-surface is initially depressed near the shoreline, and held
motionless before being released at t = 0, generating a surging wave that travels up the beach and asymptotically
converges towards an equilibrium state. This is therefore a valuable benchmark in the process of evaluating
the robustness of the monolithic DG-FV scheme for the computation of long-waves run-up and the ability to
converge towards (quasi-)steady-states. To compare the numerical approximations with the exact values of the
solutions, denoting by l be the typical length scale of the wave and α the topography slope, we introduce the
following nondimensionalized coordinates:

x∗ = x/l, η∗ = η/(αl), u∗ = u/
√
gαl, t∗ = t/

√
l/αg, c∗ =

√
η∗ − x∗, (44)

and follow the path of [13] with a classical hodograph transformation relying on two dimensionless variables σ∗

and λ∗, respectively emulating space and time-like coordinates, and defined as follows:

σ∗ = 4c∗ and λ∗ = 2 (u∗ + t∗) .

This transformation allows to formulate the initial-data in a closed-form:

η∗
0(σ∗) = e

(
1 − 5

2
a3

(a2 + σ∗2)
3
2

+ 3
2

a5

(a2 + σ∗2)
5
2

)
, q∗

0(σ∗) = 0, x∗ = −σ∗2

16 + η∗
0 ,

where a = 3
2 (1 + 0.9e) 1

2 and e is a chosen-parameter modulating the free-surface profile and we respectively set
e = 0.1, α = 1/50 and l = 20 m. We refer the reader to [13] for the whole description of the exact solution.
We performed an extensive set of computation with various polynomial degrees and mesh refinement, allowing
to assess the global flawless behavior of the algorithm. We highlight these results on Fig. 10 by showing the
corresponding free-surface profiles obtained at various discrete times during the evolution up to Tf := 100, for
two particular combinations k = 3 / nel = 50 (left) and k = 8 / nel = 10 (right). We observe an excellent
matching between the numerical solution and the exact values, observing the rise of the shoreline above the
mean sea-level before asymptotically settles back to it, without oscillating and breaking. It is remarkable that
such a robust behavior is also observed using only 10 large mesh elements and clearly emphasize the subcell
resolution capability of this approach: a large part of the shoreline motion occurs in only one cell, while still
ensuring a very good agreement with the exact values.

Periodic C&G solution

Simulation parameters.

Computational domain: Ω = [−20, 6]
Number of cells: nel = 50, 10 cells
Boundary conditions: Dirichlet (left) & homogeneous
Neumann (right)

Polynomial degree: k = 3, 8
Time-marching order : p = 1
Final time: tmax = 300 sec

The computations associated with the periodic C&G solution are more demanding than for the previous test:
a monochromatic wave is let run-up and run-down on a plane beach, for an arbitrary large number of time-
periods. The computed solution accounts for both shoreward-traveling and reflected waves, generating a periodic
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Figure 10: Test 4 - Carrier & Greenspan’s transient solution - Free surface elevation computed at several times
between 0 and 100 sec: for k = 3 and nel = 50 with a zoom on the wet-dry area (left), for k = 8 and nel = 10
for the full domain (right).

standing wave on a plane beach involving periodic shoreline oscillations, with an exact description also provided
through the hodograph transformation. For the sake of conciseness, we refer again the reader to [13] for a
complete description of the corresponding formula, and we consider a solution obtained for a dimensionless
amplitude A∗ = 0.6 and a dimensionless frequency ω∗ = 1, corresponding to a non-breaking wave, together
with a length scale l = 20 m and a bottom slope α = 1/30, computing the time evolution up to a large number
of time-periods. Some snapshots of the free-surface elevation plotted at several discrete times in the range
[20.25T, 20.50T ], where T refers to the time-period of the periodic motion, are shown in Figs.11 and compared
with the exact solution, focusing again on the two particular combinations k = 3 / nel = 50 (left) and k = 8 /
nel = 10 (right). These results confirm the resulting combination of accuracy, robustness and high-resolution
associated with the numerical method as there is no noticeable phase-shift even after thousands of computational
periods.
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Figure 11: Test 4 - Carrier & Greenspan’s periodic solution - Free-surface elevation computed in the time
interval [20.25T, 20.50T ]: for k = 3 and nel = 50 with a zoom on the wet-dry interface, and for k = 8 and
nel = 10 for the full domain (right).
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5.5. Periodic oscillations in a parabolic basin

Simulation parameters.

Computational domain: Ω = [0, 4]
Number of cells: nel = 50, 30 cells
Boundary conditions: solid wall

Polynomial degree: k = 3, 6
Time-marching order : p = 3
Final time: tmax = 10.0303 sec

This fifth test-case is dedicated to the study of the oscillations of a planar free-surface in a bowl with a parabolic
profile. The corresponding bathymetry is defined as follows:

b(x) := hc

(
1
a2

(
x− L

2

)2
− 1
)
,

and the initial free-surface is given by

h0(x) :=

−hc

((
1
a

(
x− L

2

)
+ B√

2ghc

)2
− 1
)

for x1(0) ≤ x ≤ x2(0),

0 elsewhere,
q0(x) := 0.

with B =
√

2gh0
2a , a = 1, hc = 0.5 and L = 4. The corresponding time-evolving solution is periodic with a

free-surface that remains planar during evolution, the reader is referred to [20] for the complete formula, in
particular for the description of the wet/dry interfaces locations x1(t) and x2(t). In the proposed computation,
we consider tmax = 10.0303 sec (corresponding to 5 periods of fluid oscillations in the bowl). We show on Fig. 12
a comparison between the numerical results and the exact solution after 5 periods, in the time interval [4T, 5T ],
obtained with k = 6 and nel = 30, with an excellent agreement even considering the very coarse discretization.
We also compute the global L2-errors associated with the computation of η, for increasing approximating
polynomial’s degrees, and increasing mesh levels of refinement, computed at t = 1 sec. As expected, the
singularities occurring in the solution at the wet/dry interfaces reduces the regularity of the solution and, as a
consequence, do not allow to observe the same optimal convergence rates as for the smooth solutions of Test 1.
Still, we observe that the method generates stable solutions for all combinations of degree/mesh, and that the
accuracy of the scheme increases substantially for higher polynomial degrees (with convergent behaviors and
computational orders generally greater than 1).

5.6. Oscillating dam-break

Simulation parameters.

Computational domain: Ω = [−210, 210]
Number of cells: nel = 800 cells
Boundary conditions: solid wall

Polynomial degree: k = 2
Time-marching order : p = 3
Final time: tmax = 47, 5 sec

This test-case is devoted to the assessment of the numerical method extension for the GN equations (4)-(5)-(6).
Inspired from [50], we investigate the dam-break problem for the GN model, with the following initial data:

η0(x) := HL −HR

2

(
1 − tanh

(
x

χ

))
, q0(x) = 0.,

and HL = 1.8, HR = 1 and χ = 0.4, which is a regularized piecewise-constant initial data, with a sharp variation
initially located at x = 0. Note that according to Remark 2.2 concerning the smoothness of the solution for
large time evolution, no additional stabilization mechanism is needed and we only apply condition (33) during
the computations. We show on Fig.13 the surface profile observed at t = 47.5 s, and we observe that the initial
high-gradient area has divided into an oscillating shock-wave propagating rightward, and a rarefaction wave
propagating leftward. There is no closed-form for this transient oscillating solution, but as pointed out in [34],
the analysis of the Witham system for the GN equations and of Riemann invariants of the NSW equations leads
to some approximations of the mean flow values dividing the rarefaction and the dispersive shock areas, and
denoted by (H*, u*), see Fig. 13.

H⋆ =
(√

HL +
√
HR

2

)2

, u⋆ =
(√

gH⋆ −
√
gHR

)
.
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Figure 12: Test 5 - Periodic planar surface in a parabolic basin - Snapshots of the free-surface elevation,
computed in the time interval [4, 4.5T ] for k = 6 and nel = 30.

We observe that these approximate values are correctly estimated by the model. Note also that an approxima-
tion of the leading soliton’s amplitude is available, denoted by a+, also accurately reproduced, see again Fig.13
and we observe a very good resolution of the highly oscillatory behavior, with a regular modulating envelope’s
profile corresponding to those usually observed with very much finer meshes.

5.7. Solitary-waves over a piecewise-linear bottom

Simulation parameters.

Computational domain: Ω = [−24, 12]
Number of cells: nel = 150 cells
Boundary conditions: solid wall

Polynomial degree: k = 2
Time-marching order : p = 3
Final time: tmax = 7, 5 sec

In this last test-case, we consider the propagation of a solitary-wave, which is a surface perturbation propagating
without any temporal evolution in shape or size when viewed in the reference frame moving with the group
velocity of the wave. The GN equations (4) do have solitary-wave solutions defined as follows:{

η(t, x) = H0 + ϵH0sech2 (κ(x− ct)) ,
q(t, x) = c (η(t, x) −H0) ,

(45)

where ϵ is the amplitude of the wave and κ :=
√

3ϵ
4H2

0 (1 + ϵ) and c :=
√

gH0(1 + ϵ). For this particular test-

case, the computational domain is a 36m channel with a flat bottom for x ≤ 0 followed by a linear profile with
a slope 1 : 30, and a solitary wave propagates from the left boundary, with a water level at rest H0 = 0.25m.
Measurements of the free-surface are available at various locations along the channel, obtained from wave-gauges
from the laboratory study performed at LEGI (Grenoble, France, see [39]). We consider 4 series of experiments,
involving increasing waves amplitudes, from ϵ = 0.096 to ϵ = 0.534, which stand for highly nonlinear evolutions.
For each experiment, we compare the numerical results with time-series of the free-surface elevation at wave
gauges locations (we do not recall the exact location of the gauges, which may be found, for instance, in Table
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Figure 13: Test 6 - Oscillating dam-break - Free-surface elevation computed for k = 2 and nel = 800 at time
t = 47, 5 s. Comparison with mean values obtained from Witham-like analysis.

2 of [11]). As displayed in Fig. 14, we observe some excellent agreements, especially regarding the maximum
surface elevation during the shoaling process, and considering the low number of mesh elements. The wave
asymetrical profile is also accurately reproduced even in the most nonlinear cases. We emphasize that neither
stabilization process is needed, nor additional filtering treatment to control possible aliasing effects due to the
numerical approximations of highly nonlinear processes.

Figure 14: Test 7 - Solitary-waves shoaling over a piecewise-linear bottom - Time-series of free-surface elevation
at 3 locations along the channel, for 4 different wave amplitudes.

6. Conclusion
In this paper, we introduce a high-order local subcell monolithic DG/FV discretization method for the approxi-
mation of nonlinear free-surface shallow-water equations with different source terms. We also detail an original
combination of local subcell monolithic DG/FV and IP-DG methods, in order to approximate the higher-order
GN equations. Several test-cases have been studied and they confirm that this new strategy is promising both
to suppress spurious oscillations near flow discontinuities and to ensure the robustness in the vicinity of wet-
dry fronts, even with a very low-mesh resolution but some large enough degrees of polynomial approximation.
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Subsequent works may concern the extension to the two-dimensional horizontal surface model, as well as the
coupling with wave generation and floating structures models. This strategy also open the door for the design
of more refined admissibility filtering for the numerical study of some singularities of particular types, which
are sometimes observed in the process of wave-breaking, like peaked-waves.
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Appendix A - Water-height positivity for intermediate Riemann states.
Using Forward-Euler time integration with the CFL condition (11), we can write the formulation (16) with
subcell FV fluxes (uniformly setting the blending coefficients Θi+ 1

2
= 0, as

vn+1
m = vn

m − ∆tn

|Sm|

(
F

FV,−
m+ 1

2
− F

FV,+
m− 1

2

)
+ ∆tnSn

m, (46)

where we dropped the superscript i.

Proposition 6.1. The lowest-order FV fluxes on subcells (46) ensures the water-height positivity for the asso-
ciated Riemann intermediate states.

Proof. We add and subtract the required quantities in order to make appearing a suitable convex combination
of intermediate solution states:

vn+1
m = vn

m − ∆tn

|Sm|

(
F

FV,−
m+ 1

2
− F

FV,+
m− 1

2

)
+ ∆tnSn

m ± 2∆tn

|Sm|
σvn

m ± ∆tn

|Sm|
F(vn

m)

=
(

1 − 2∆tn

|Sm|
σ

)
vn

m + ∆tn

|Sm|
σ

(
vn

m −
F

FV,−
m+ 1

2
− F(vn

m)
σ

)
+ ∆tn

|Sm|
σ

(
vn

m +
F

FV,+
m− 1

2
− F(vn

m)
σ

)
+ ∆tnSn

m

=
(

1 − 2∆tn

|Sm|
σ

)
vn

m + σ∆tn

|Sm|
v∗,−

m+ 1
2

+ σ∆tn

|Sm|
v∗,+

m− 1
2

+ ∆tnSn

m,

where

v∗,−
m+ 1

2
:= vn

m −
F

FV,−
m+ 1

2
− F(vn

m)
σ

, v∗,+
m− 1

2
:= vn

m +
F

FV,+
m− 1

2
− F(vn

m)
σ

.

It is enough to ensure that for all m ∈ J1, k + 1K, ηn
m ≥ bm. Dropping also the superscript n, we observe that

this may be achieved for any m ∈ J1, k + 1K if

η∗,−
m+ 1

2
:= ηm −

F
FV,(1),−

m+ 1
2

− qm

σ
≥ bm, and η∗,+

m− 1
2

:= ηm +
F

FV,(1),+

m− 1
2

− qm

σ
≥ bm,

where the fluxes are

F
FV,(1),−

m+ 1
2

=
q+

m + q−
m+1

2 − σ

2
(
η−

m+1 − η+
m

)
, F

FV,(1),+

m− 1
2

=
q+

m−1 + q−
m

2 − σ

2
(
η−

m − η+
m−1

)
.

Noticing that η−
m+1 − η+

m = H
−
m+1 − H

+
m + b

−
m+1 − b

+
m = H

−
m+1 − H

+
m, and working with velocity um := qm

Hm
,

we can write

η∗,−
m+ 1

2
= ηm −

F
FV,(1),−

m+ 1
2

− qm

σ
= Hm + bm −

F
FV,(1),−

m+ 1
2

− qm

σ
,

= 1
2

(
2Hm −H

+
m +H

−
m+1

)
− 1

2σ

(
H

−
m+1um +H

+
mum − 2Hmum

)
+ bm.

This way, it is enough to ensure that

1
2

(
2Hm −H

+
m +H

−
m+1

)
− 1

2σ

(
H

−
m+1um +H

+
mum − 2Hmum

)
≥ 0.
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By construction, for any p ∈ J1, k + 1K, 0 ≤ H
±
p ≤ Hp, so we have easily 2Hm −H

+
m +H

−
m+1 ≥ 2Hm. For the

other term, let us reformulate it as

H
−
m+1um +H

+
mum − 2Hmum =

(
2Hm −H

+
m

) 1 + umσ
−1

2 +H
−
m+1

1 − um+1σ
−1

2 ,

and according to CFL (11), we easily have:

2Hm −H
+
m ≥ Hm,

1 + umσ
−1

2 ≥ 0, H
−
m+1 ≥ 0, 1 − um+1σ

−1

2 ≥ 0.

Gathering all the results ensures that η∗,−
m+ 1

2
≥ bm and a similar result may be achieved for η∗,+

m− 1
2

≥ bm. □

Appendix B - Blending coefficients for the subNAD criterion.
Let us define the admissible envelope associated with a finite family (ai)i∈J1,kK ∈ Rk as

I(a1, . . . , ak) :=
[

min
1≤i≤k

ai, max
1≤i≤k

ai

]
.

The fully discrete formulation (18) supplemented with the topography source term Sn

m :=
(

Sn,(1)
m ,Sn,(2)

m

)
=(

0, Sn,(2)
m

)
reads as follows:

ηn+1
m =

(
1 − 2∆tn

|Sm|
σ

)
ηn

m + σ∆tn

|Sm|
η̃∗,−

m+ 1
2

+ σ∆tn

|Sm|
η̃∗,+

m+ 1
2
,

qn+1
m =

(
1 − 2∆tn

|Sm|
σ

)
qn

m + σ∆tn

|Sm|
q̃∗,−

m+ 1
2

+ σ∆tn

|Sm|
q̃∗,+

m+ 1
2

+ ∆tnSn,(2)
m .

Focusing on the first equation, the two blended intermediate states (19) read as:

η̃∗,±
m+ 1

2
= η∗,±

m+ 1
2

± Θm+ 1
2

 F̂(1)
m+ 1

2
− F

(1),−
m+ 1

2

σ

 .

Now respectively denoting by[
αm, βm

]
:= I

(
ηm−1, ηm, ηm+1, η

∗,+
m− 1

2
, η∗,−

m+ 1
2

)
,

[
αm+1, βm+1

]
:= I

(
ηm, ηm+1, ηm+2, η

∗,+
m+ 1

2
, η∗,−

m+ 3
2

)
the local admissible envelopes associated with the subcells m and m+ 1, the pevious Appendix A ensures that

we have (
η∗,−

m+ 1
2
, η∗,+

m+ 1
2

)
∈
[
αm, βm

]
×
[
αm+1, βm+1

]
,

si that we aim at ensuring that the blended intermediate states also satisfy(
η̃∗,−

m+ 1
2
, η̃∗,+

m+ 1
2

)
∈
[
αm, βm

]
×
[
αm+1, βm+1

]
.

This may be obtained with the following choice:

Θm+ 1
2

≤ min

1,

∣∣∣∣∣∣ σ

∆F(1),−
m+ 1

2

∣∣∣∣∣∣
min

(
βm+1 − η∗,+

m+ 1
2
, η∗,−

m+ 1
2

− αm

)
if ∆F(1),−

m+ 1
2
> 0,

min
(
βm − η∗,−

m+ 1
2
, η∗,+

m+ 1
2

− αm+1

)
if ∆F(1),−

m+ 1
2
< 0.

 .

Appendix C - SWIP-DG discrete bilinear form for the GN elliptic operator
It is shown in [86] that the following identity holds for all smooth enough scalar-valued functions w:

L[H, b]w = ∂x(−κ(H)∂xw) − β(H, ∂xb)∂xw + ∂x(β(H, ∂xb)w) + δ(H, ∂xb)w, (47)
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with the coefficient functions defined as follows:

κ(H) := 1
3H

3, β(H, ∂xb) :=
√

3
2 κ[H] 1

2H
1
2 ∂xb, δ(H, ∂xb) := (H 1

2 ∂xb)2 +H.

For any given mesh element ωi, let us set κi := κ|ωi
, βi := β||ωi

and δi := δ||ωi
. In the following, with use

general multi-dimensional notations borrowed from [86], but it is easy to identify that any mesh interface F
belonging to the set of mesh interfaces Fh identifies with a particular mesh nodes xi+ 1

2
. We define the jump

and weighted average operators such that, for a sufficiently regular function φ and an interior interface F ∈ F i
h

shared by two distinct mesh elements ω1 and ω2, i.e., F ⊂ ∂ω1 ∩ ∂ω2, we have:

JφK := φ|ω1 − φ|ω2 , {{φ}}λ,F := λ2φ|ω1 + λ1φ|ω2 , λi := κωi

κω1 + κω2

, ∀i ∈ {1, 2}.

In the following, and when no confusion arises, we omit the subscript F from both JφK and {{φ}}. The
definition of the average and jump operators at boundary vertices depends on the selected variable, according
to the prescribed boundary conditions. The definition of the proposed discrete bilinear form Lh(κ, β, δ; ·, ·) on
Pk(Th) × Pk(Th) is:

Lh(κ, β, δ; vh, wh) :=
∑

ω∈Th

∫
ω

κ∂xvh∂xwh dx−
∑

ω∈Th

∫
ω

βvh∂xwh dx−
∑

ω∈Th

∫
ω

∂xvhβwh dx+
∑

ω∈Th

∫
ω

δvhwh dx

+
∑

F ∈Fh

γκ,F JvhKJwhK −
∑

F ∈Fh

({{κ∂xvh}}λJwhK + JvhK{{κ∂xwh}}λ) +
∑

F ∈Fh

({{βvh}}λJwhK + JvhK{{βwh}}λ) .

The κ-dependent penalty parameter γκ,F is defined as follows:

γκ,F :=
{
ξF

2κω1 κω2
κω1 +κω2

, if F ∈ F i
h such that F = ∂ω1 ∩ ∂ω2,

ξFκω, if F ∈ F b
h such that F = ∂ω ∩ ∂Ω.

(48)

In (48), ξF denotes a user-defined parameter sufficiently large to ensure coercivity. We refer the reader to [86]
for a complete description.
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